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Introduction

This book is an introduction to the theory of iteration of expanding and
non-uniformly expanding holomorphic maps and topics in geometric measure
theory of the underlying invariant fractal sets. Probability measures on these
sets yield information on Hausdor and other fractal dimensions and prop-
erties. The book starts with a comprehensive chapter on abstract ergodic
theory, followed by chapters on uniform distance-expanding maps and thermo-
dynamical formalism. This material is applicable in many branches of
dynamical systems and related fields, far beyond the applications in this
book.

Popular examples of the fractal sets to be investigated are Julia sets for ratio-
nal functions on the Riemann sphere. The theory, which was initiated by Gaston
Julia [1918] and Pierre Fatou [1919-1920], has become very popular since the
publication of Benoit Mandelbrot’s book [Mandelbrot 1982] with beautiful com-
puter generated illustrations. Top mathematicians have since made spectacular
progress in the field over the last 30 years.

Consider, for example, the map f(z) = z2 for complex numbers z. Then the
unit circle S* = {|z| = 1} is f-invariant, f(S') =S =f~1(S'). Forc=0,c =0
and f.(z) = z2 +c, there still exists an f.-invariant set J(f;) called the Julia set
of f;, close to S*, homeomorphic to S! via a homeomorphism h satisfying the
equality f - h = h o f.. However, J(f.) has a fractal shape. For large ¢ the curve
J(f.) pinches at infinitely many points; it may pinch everywhere to become a
dendrite, or even crumble to become a Cantor set.

These sets satisfy two main properties, standard attributes of ‘conformal
fractal sets’:

1. Their fractal dimensions are strictly larger than the topological dimension.

2. They are conformally ‘self-similar’: that is, arbitrarily small pieces have
shapes similar to large pieces wia conformal mappings, here wvia iteration
of f.

To measure fractal sets invariant under holomorphic mappings, one applies
probability measures corresponding to equilibria in the thermodynamical for-
malism. This is a beautiful example of the interlacing of ideas from mathematics
and physics.

The following prototype lemma [Bowen, 1975, Lemma 1.1], resulting from
Jensen’s inequality applied to the function logarithm, stems from the thermody-
namical formalism.
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2 Introduction
Lemma. (Finite Variational Principle) For given real numbers @1,...,@n the
quantity
n n
F(i,...pn) = —pilogpi +  pi®i
i=1 i=1
has mazimum value P (@1, ...0n) = log ?:1 €% as (p1,...,Pn) ranges over the
simplex {(P1,...,pPn) : Pi =0, ?:1 pi = 1} and the maximum is attained only at
n
~ 0, @ —1
pj = e% e .
i=1
We can read oj,pi,i = 1,...,n as a function (potential), resp. probability
distribution, on the finite space {1,...,n}. The proof follows from the strict

concavity of the logarithm function.
Let us further follow Bowen [1975]. The quantity
n
S=  —pilogpi

i=1
is called the entropy of the distribution (py, ..., pn). The maximizing distribution
(B1, .., Pn) is called the Gibbs or equilibrium state. In statistical mechanics @; =
—BE;, where B = 1/kT, T is the temperature of an external ‘heat source’ and k

is a physical (Boltzmann) constant. The quantity E = i”:l piEi is the average
energy. The Gibbs distribution thus maximizes the expression
1
S—-BE=S—--—E
B kT

or, equivalently, minimizes the so-called free energy E — KT S. Nature prefers
states with low energy and high entropy. It minimizes free energy.

The idea of the Gibbs distribution as a limit of distributions on finite spaces of
configurations of states (spins, for example) of interacting particles over increas-
ing to infinite, bounded parts of the lattice Z9 was first introduced in statistical
mechanics by Bogolyubov and Hacet [1949] where it plays a fundamental role.
It was applied in dynamical systems to study Anosov flows and hyperbolic dif-
feomorphisms at the end of the 1960s by Ja. Sinai, D. Ruelle and R. Bowen.
For more historical remarks see [Ruelle 1978a] or [Sinai 1982]. This theory met
the notion of entropy S, borrowed from information theory and introduced by
Kolmogorov as an invariant of a measure-theoretic dynamical system.

Later, the usefulness of these notions to the geometric dimensions became
apparent. It was already present in [Billingsley 1965], but papers by Bowen
[1979] and McCluskey & Manning [1983] were also crucial.

In order to illustrate the idea, consider the following example. Let T; : 1 - 1,
i=1,...,n>1, where | =][0,1] is the unit interval, T;(X) = AjX + a;j, where
Ai, a; are real numbers chosen in such a way that all the sets T;(l) are pairwise
disjoint and contained in I. Define the limit set A as follows:

N= Tio°"'°Tik(|): I(|Im Ti0°"'°Tik(X),
k=0 (io,....ix) (ioviz)
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Introduction 3

the latter union taken over all infinite sequences (ig,i1,...), the former over
sequences of length k + 1. By our assumptions |A;| < 1: hence the limit exists,
and does not depend on Xx.

It occurs that its Hausdor dimension is equal to the only number o for which

A%+ + [An]® =1

A is a Cantor set. It is self-similar with small pieces similar to large pieces with
the use of linear (more precisely, a ne) maps (Ti, -+ = Ti,)~!. We call such a
Cantor set linear. We can distribute a measure p by setting p(Ti, o --=Ti, (1)) =
Aig - - - i, % Then for each interval J | centred at a point of A, its diameter
raised to the power a is comparable to its measure p (this is immediate for the
intervals Tj, -+ = Tj, (1)). (A measure with this property for all small balls
centred at a compact set, in a Euclidean space of any dimension, is called a
geometric measure.) Hence  (diamJ)® is bounded away from 0 and oo for all
economical (of multiplicity not exceeding 2) covers of A by intervals J.

Note that for each k the measure p restricted to the space of unions of Tj - - o
Ti, (1), each such interval viewed as one point, is the Gibbs distribution, where
we set @((io, - --,1k)) = Qa((io,---,1k)) = | OlogAi,. The number a is
the unique zero of the pressure function P(a) = (g log ;o ) e (llorio),
In this special a ne example this is independent of k. In the general non-linear
case to define pressure one considers the limit as k goes to oo.

The family T; and compositions is an example, very popular in recent years,
of Iterated Function Systems [Barnsley 1988]. Note that on a neighbourhood of
each Ti(l) we can consider T = Ti_l. Then A is an invariant repeller for the
distance-expanding map T.

The relations between dynamics, dimension and geometric measure theory
start in our book with the theorem that the Hausdor dimension of an expanding
repeller is the unique zero of the adequate pressure function for sets built with
the help of C'*+& usually non-linear maps in R or conformal maps in the complex
plane C (or in RY,d > 2; in this case conformal maps must be Mobius, i.e. a
composition of inversions and symmetries, by Liouville’s theorem).

This theory was developed for non-uniformly hyperbolic maps or flows in
the setting of smooth ergodic theory: see [Katok & Hasselblatt 1995], [Mafé
1987]. Let us also mention [Ledrappier & Young 1985]. See [Pesin 1997] for
recent developments. The advanced chapters of our book are devoted to this
theory, but we restrict ourselves to complex dimension 1. So the maps are non-
uniformly expanding, and the main technical di culties are caused by critical
points, where we have strong contraction, since the derivative by definition is
equal to 0 at critical points.

A direction not developed in this book is conformal iterated function systems
with infinitely many generators T;. They occur naturally as return maps in many
important constructions, for example for rational maps with parabolic periodic
points, or in the induced expansion construction for polynomials [Graczyk &
Swiatek 1998]. See also the recent [Przytycki & Rivera-Letelier 2007]. Beautiful
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examples are provided by infinitely generated Kleinian groups. For a measure-
theoretic background see [Young 1999].

The systematic treatment of iterated function systems with infinitely many
generators can be found in [Mauldin & Urbanski 1996] and [Mauldin & Urbafnski
2003], for example. Recently this has been rigorously explored in the iteration of
entire and meromorphic functions.

Below is a short description of the content of the book.

Chapter 1 contains some introductory definitions and basic examples. It is a
continuation of this Introduction.

Chapter 2 is an introduction to abstract ergodic theory: here T is a
probability measure-preserving transformation. The reader will find proofs of
the fundamental theorems: the Birkho Ergodic Theorem and the Shannon-
McMillan-Breiman Theorem. We introduce entropy and measurable partitions,
and discuss canonical systems of conditional measures in Lebesgue spaces, the
notion of natural extension (inverse limit in the appropriate category). We fol-
low here Rokhlin’s Theory [Rokhlin 1949], [Rokhlin 1967]: see also [Kornfeld,
Fomin & Sinai 1982]. Next, to prepare for applications for finite-to-one ratio-
nal maps, we sketch Rokhlin’s theory on countable-to-one endomorphisms, and
introduce the notion of the Jacobian: see also [Parry 1969]. Finally we discuss
mixing properties (K-property, exactness, Bernoulli) and probability laws: the
Central Limit Theorem (abbr. CLT), the Law of Iterated Logarithm (LIL), the
Almost Sure Invariance Principle (ASIP) for the sequence of functions (random
variables on our probability space) o T",n=0,1,... .

Chapter 3 is devoted to ergodic theory and thermodynamical formalism for
general continuous maps on compact metric spaces. The main point here is the
so called Variational Principle for pressure: compare with the Finite Variational
Principle lemma, above. We also apply functional analysis in order to explain
the Legendre transform duality between entropy and pressure. We follow here
[Israel 1979] and [Ruelle 1978a]. This material is applicable in large deviations
and maultifractal analysis, and is directly related to the uniqueness question of
Gibbs states.

In Chapters 2 and 3 we often follow the beautiful book by Peter Walters
[Walters 1982].

In Chapter 4 distance-exzpanding maps are introduced. Analogously to
Axiom A di eomorphisms [Smale 1967], [Bowen 1975] or endomorphisms
[Przytycki 1976] and [Przytycki 1977], we outline a topological theory: spectral
decomposition, specification, Markov partition, and start a ‘bounded distortion’
play with Holder continuous functions.

In Chapter 5 thermodynamical formalism and mixing properties of Gibbs
measures for open distance-expanding maps T and Holder continuous potentials
¢ are studied. To a large extent we follow [Bowen 1975] and [Ruelle 1978a].
We prove the existence of Gibbs probability measures (states): m with Jacobian
being exp(—) up to a constant factor, and T-invariant pu = i, equivalent to m.
The idea is to use the transfer operator Lo(u)(X) = y T-1(x) u(y) exp @(y) on
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the Banach space of Holder continuous functions u. We prove the exponential
convergence E‘”L{;(u) - ( udm)uy, where & is the eigenvalue with the
largest absolute value and u, the corresponding eigenfunction. One obtains
Uy = dm/du. We deduce CLT, LIL and ASIP, and the Bernoulli property for
the natural extension.

We provide three di erent proofs of the uniqueness of the invariant Gibbs
measure. The first, and simplest, follows [Keller 1998], the second relies on the
Finite Variational Principle, and the third on the di erentiability of the pressure
function in adequate function directions.

Finally we prove Ruelle’s formula:

d?P (@ + tu + sv)/dtds|i—s—o
n—1 ) n—1 .
(UeT'—  uduyy) - (veT'— vdue) due.

1
n . .
i=0 i=0

= lim
n - oco
This expression for u = v is equal to 62 in CLT for the sequence u = T" and
measure L.

(In the book we use the letter T to denote a measure-preserving trans-
formation. Maps preserving an additional structure, continuous, smooth or
holomorphic for example, are usually denoted by f or g.)

In Chapter 6 (Section 6.1) a metric space with the action of a distance-
expanding map f is embedded in a smooth manifold, and it is assumed that
the map extends smoothly (or only continuously) to a neighbourhood. Similarly
with hyperbolic sets [Katok & Hasselblatt 1995] we discuss basic properties. The
intrinsic property of f being an open map on X occurs equivalent to X being
repeller for the extension.

We call a repeller X with smoothly extended dynamics a Smooth Ezpanding
Repeller (SER).

If an extension is conformal, we say (X, f) is a conformal expanding repeller
(CER). In Section 6.2 we discuss some distortion theorems and holomorphic
motion to be used later in Section 6.4, and in Chapter 9 to prove the analytic
dependence of ‘pressure’ and the Hausdor dimension of CER on a parameter.

In Section 6.3 we prove that for CER the density u, = dm/dpu for measures
of harmonic potential is real-analytic (and extends so on a neighbourhood of X).
This will be used in Chapter 9 for the potential being —log [f |, in which case
K is equivalent to a Hausdor measure in the maximal dimension (geometric
measure).

In Chapter 7 we provide in detail D. Sullivan’s theory classifying C"t¢
line Cantor sets via a scaling function, sketched in [Sullivan 1988], and dis-
cuss the realization problem [Przytycki & Tangerman 1996]. We also discuss
applications for Cantor-like closures of postcritical sets for infinitely renormal-
izable Feigenbaum quadratic-like maps of interval. The infinitesimal geometry
of these sets occurs independent of the map, which is one of the famous
Coullet-Tresser—Feigenbaum universalities.

In Chapter 8 we provide definitions of various ‘fractal dimensions’: Hausdor ,
box and packing. We also consider Hausdor measures with gauge functions



9780521438001int CUP/PUK February 17, 2010 10:16 Page-6

6 Introduction

di erent from t®. We prove the ‘Volume Lemma’ linking, roughly speaking,
(global) dimension with local dimensions.

In Chapter 9 we develop the theory of conformal expanding repellers, and
relate pressure to the Hausdor dimension.

Section 9.2 provides a brief exposition of multifractal analysis of the Gibbs
measure p of a Holder potential on CER X. We rely mainly on [Pesin 1997].
In particular, we discuss the function F(a) := HD(X(a)), where X, (a) :=
{x X :d(x) =a} and d(x) := lim;_log u(B(x, r))/ log r. The decomposition
X = Xu(@) X, where the limit d(x), called the local dimension, does not
exist for x X, is called the local dimension spectrum decomposition.

Next we follow the easy (uniform) part of [Przytycki, Urbanski & Zdunik
1989] and [Przytycki, Urbahski & Zdunik 1991]. We prove that for CER (X, f)
and Holder continuous @ : X - R, for kK = HD(ly), the Hausdor dimen-
sion of the Gibbs measure P, (infimum of Hausdor dimensions of sets of full
measure), either HD(X) = k the measure L, is equivalent to Ay, the Haus-
dor measure in dimension K, and is a geometric measure, Or Mo IS singular
with respect to A« and the right gauge function for the Hausdor measure
to be compared to g is P(K) = t“exp(c log1/tlogloglog1/t). In the proof
we use LIL. This theorem is used to prove a dichotomy for the harmonic
measure on a Jordan curve d, bounding a domain Q, which is a repeller for
a conformal expanding map. Either 0 is real-analytic, or the harmonic mea-
sure is comparable to the Hausdor measure with gauge function ®(1). This
yields information about the lower and upper growth rates of |R (r¢)|, for
r 1, for almost every C with || = 1 and univalent function R from the
unit disc |z] < 1 to Q. This is a dynamical counterpart of Makarov’s the-
ory of boundary behaviour for general simply connected domains [Makarov
1985].

We prove, in particular, that for f;(z) =z2+c¢, ¢=0, c¢c=0 it holds that
1<HD@(f)) <2

We show how to express another interesting function in the language of
pressure: |, 1_, IR (rQ|t|dZ| forr 1.

Finally, we apply our theory to the boundary of the von Koch ‘snowflake’
and more general Carleson fractals.

Chapter 10 is devoted to Sullivan’s rigidity theorem, saying that if two
non-linear expanding repellers (X, f), (Y,g) are Lipschitz conjugate (or more
generally if there exists a measurable conjugacy that transforms a geometric
measure on X to a geometric measure on Y), then the conjugacy extends to a
conformal one. This means that measures classify non-linear conformal repellers.
This fact, announced in [Sullivan 1986] with only a sketch of the proof, is proved
here rigorously for the first time.

(This chapter is one of the oldest chapters in this book; we already made it
available in 1991 and many papers have since followed.)

In Chapter 11 we start to deal with non-uniform expanding phenomena. At
the heart of this chapter is the proof of the formula HD(u) = hy(F)/Xu(F)
for an arbitrary f-invariant ergodic measure p of positive Laypunov exponent

Xu := log|f |dp.
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(The phrase ‘non-uniform expanding’ is used just to say that we consider
(typical points of) an ergodic measure with positive Lyapunov exponent. In
higher dimensions one uses the name ‘non-uniform hyperbolic’ for measures with
all Lyapunov exponents non-zero.)

It is so roughly because a small disc around z, whose n-th image is large, has
diameter of order |[(f") (z)|™' = exp(—nx,) and measure exp(—nh,(f)) (the
Shannon-McMillan-Breiman theorem is involved here).

Chapter 12 is devoted to conformal measures: that is, probability mea-
sures with Jacobian Constexp(—@) or more specifically | | in a non-uniformly
expanding situation, in particular for any rational mapping f on its Julia set J.
It is proved that there exists a minimal exponent 3(f) for which such a measure
exists, and that d(f) is equal to each of the following quantities:

Dynamical dimension  DD(J) = sup{HD(W)}, where u ranges over all
ergodic f-invariant measures on J of positive Lyapunov exponent.

Hyperbolic dimension HyD(J) := sup{HD(Y )}, where Y ranges over all
Conformal Expanding Repellers in J, or CERs that are Cantor sets.

It is an open problem whether for every rational mapping HyD(J) =
HD(J) = the box dimension of J, but for many non-uniformly expanding map-
pings these equalities hold. It is often easier to study the continuity of &(f)
with respect to a parameter, than study the Hausdor dimension directly. So
one obtains information about the continuity of dimensions due to the above
equalities.

Section 12.5 presents a recent approach via pressure for the potential function
—tlog |f [, yielding a simple proof of the equalities of the above dimensions, see
[Przytycki, Rivera-Letelier & Smirnov 2004].

A large part of this book was written in the years 1990-1992, and was lectured
to graduate students by each of us in Warsaw, Yale and Denton. We neglected
to finish writing, but recently the methods in Chapter 12, relating hyperbolic
dimension to minimal exponent of conformal measure, were unexpectedly used
to study the dependence on € of the dimension of the Julia set for z? + 1/4 + &,
for € — 0 and other parabolic bifurcations, by A. Douady, P. Sentenac and
M. Zinsmeister [1997] and by C. McMullen [1996]. So we decided to make final
e orts. Meanwhile good books have appeared on some topics of our book: let
us mention [Falconer 1997], [Zinsmeister 1996], [Boyarsky & Gora 1997], [Pesin
1997], [Keller 1998], [Baladi 2000] but a lot of important material in our book is
new or has been made more easily accessible.

Acknowledgements. We are indebted to Krzysztof Barahski for help with
figures and Pawel Gora for Figure 2.1. The first author acknowledges the support
of consecutive Polish KBN and MNiSW grants; the recent one is N201022233.
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Basic examples and
definitions

Let us start with definitions of dimensions. We shall come back to them in a
more systematic way in Chapter 8.

Definition 1.1. Let (X, p) be a metric space. We denote by the upper (lower)
box dimension of X the quantity

log N(r)

BD(X) (or BD(X)) := limsup(liminf),_ “logr

where N (r) is the minimal number of balls of radius r that cover X.

Sometimes the names capacity or Minkowski dimension or box-counting
dimension are used. The name ‘box dimension’ comes from the situation where
X is a subset of a Euclidean space RY. Then one can consider only r = 27",
and N(27™) can be replaced by the number of dyadic boxes [2"_1n, "Ql_t}] XX

Ka Katl] k;  Z intersecting X.

If BD(X) = BD(X) we call the quantity the box dimension and denote it by

BD(X).

Definition 1.2. Let (X,p) be a metric space. For every kK > 0 we define
Ac(X) = lims_oinf{ ;- (diamU;)}, where the infimum is taken over all
countable covers (Uj,i = 1,2,...) of X by sets of diameter not exceeding é.
N« (Y) defined as above on all subsets Y X is called the k-th outer Hausdor
measure.

It is easy to see that there exists K : 0 < Ky < oo such that for all K : 0 <
K <Ky NAx(X) = o0 and for all K : Ky < K Ac(X) = 0. The number Ky is called
the Hausdor dimension of X.

Note that if in this definition we replace the assumption: sets of diameter
not exceeding 6 by equal 3, and lims_ ¢ by liminf or lim sup, we obtain the box
dimension.
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A standard example to compare the two notions is the set {1/n,n =1,2,...}
in R. Its box dimension is equal to 1/2, and the Hausdor dimension is 0. If one
considers {27 "} instead as introduced in the one obtains both dimensions as 0.
Also, linear Cantor sets, as introduced in the Introduction, have their Hausdor
and box dimensions equal. The reason for this is self-similarity.

Example 1.3. Shift spaces. For every natural number d consider the space >¢
of all infinite sequences (ig, i1,...) with iy {1,2,...,d}. Consider the metric

oo

p((ip, i1,...), (g, iq,...)) = AMin =i

n=0

for an arbitrary 0 < A < 1. Sometimes it is more convenient to use the metric
o((io, i1,...), (g, iy,...)) = A7 mindnidn=i,}

equivalent to the previous one. Consider o : =9 . 39 defined by o((ig,i1,...) =
(i1, ...). The metric space (=9, p) is called the one-sided shift space and the map
o the left shift. Often, if we do not specify metric but are interested only in the
Cartesian product topology in =94 = {1,...,d}¥", we use the name topological

shift space. 5
One can consider the space X9 of all two sides infinite sequences
(...,i—1,ig,i1,...). This is called the two-sided shift space.

Each point (ig,i1,...) =9 determines its forward trajectory under o, but is
equipped with a Cantor set of backward trajectories. Together with the topology
determined by the metric ;- __ Al"l|in, —i,| the set ¢ can be identified with
the inverse limit (in the topological category) of the system -.- - 9 _ >d
where all the maps - are o.

Note that the limit Cantor set A in the Introduction, with all A; = A, is
Lipschitz homeomorphic to 9, with the homeomorphism h mapping (i, iy, ...)
to | Ti, o °Ti.(I). Note that for each x A, h™!(x) is the sequence of
integers (ig, i1, ...) such that for each k, f"(x) Ti, (). This is called a coding
sequence. If we allow the end points of T;(l) to overlap, and in particular A = 1/d
and aj = (i—1)/d, then A=1and h™}(x) = = (ix —1)d7k~1,

One generalizes the one (or two) -sided shift space, sometimes called the full
shift space, by considering the set > for an arbitrary d < d matrix A = (a;j with
ajj = 0 or 1 defined by

Sa=A{(o,i1,...) =%:a,,,, =1 foreveryt=0,1,...}.

By the definition 0(Za) Za. Za with the mapping o is called a topological
Markov chain. Here the word topological is substantial; otherwise it is customary
to think of a finite number of states stochastic process — see Example 1.9.

Example 1.4. Adding machine. A complementary dynamics on =9 above
is given by the map T ((ig,i1,...)) = (L, 1,...,1,ix +1,ix +1,...), where k is
the least integer for which ix < d. Finally (d,d,d,...)+1=(1,1,1,...). (This
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is of course compatible with standard adding, except that here the sequences
are infinite to the right and the digits run from 1 to d, rather than from 0 to
d — 1.) Notice that unlike the previous example, with an abundance of periodic
trajectories, here each T-trajectory is dense in =9 (such a dynamical system is
called minimal).

Example 1.5. Iteration of rational maps. Let f : C - C be a holomorphic
mapping of the Riemann sphere C. Then it must be rational, i.e. the ratio of two
polynomials. We assume that the topological degree of T is at least 2. The Julia
set J(F) is defined as follows:

J(f)={z C: U zU open, the family of iterates f" =F o ... o f|y, n
times, for n = 1,2,... is not normal in the sense of Montel }.

A family of holomorphic functions f; : U - C is called normal (in the
sense of Montel) if it is pre-compact: that is, from every sequence of functions
belonging to the family one can choose a sub-sequence uniformly convergent (in
the spherical metric on the Riemann sphere C) on all compact subsets of U.

z J(F) implies for example, that for every U  z the family f"(U) covers
all C but at most two points. Otherwise by Montel’s theorem {f"} would be
normal on U.

Another characterization of J(F) is that J(f) is the closure of repelling peri-
odic points, namely those points z  C for which there exists an integer n such
that f"(z) =z and |(f") (2)| > 1.

There are only a finite number of attracting periodic points, |(f") (2)] < L
they lie outside J(Ff), which is an uncountable ‘chaotic, expansive (repelling)’
Julia set. The lack of symmetry between attracting and repelling phenomena is
caused by the non-invertibility of f.

It is easy to prove that J(f) is compact, completely invariant: f(J(f)) =
J(F) = £~1(J(F)), either nowhere dense or equal to the whole sphere (to prove
this use Montel’s theorem).

For polynomials, the set of points whose images under iterates f",n =
1,2,..., tend to oo, basin of attraction to oo, is connected and completely
invariant. Its boundary is the Julia set.

Check that all these general definitions and statements are compatible with
the discussion of f(z) = f.(z) = z2 + ¢ in the Introduction. As an introduction
to this theory we recommend, for example, the books [Beardon 1991], [Carleson
& Gamelin 1993], [Milnor 1999] and [Steinmetz 1993].

Figures 1.1-1.3 are computer pictures exhibiting some Julia sets: rabbit,
basilical! and Sierpinski’s carpet of their mating (see [Bielefeld 1990]).

A Julia set can have Hausdor dimension arbitrarily close to 0 (but not
0) and arbitrarily close to 2 or even exactly 2 (but not the whole sphere).
More precisely: a Julia set is always closed and either the whole sphere or
nowhere is dense. Recently examples have been found of quadratic polynomi-
als f. with a Julia set of positive Lebesgue measure (with c in the cardioid;
Example 6.1.10): see [Bu & Cheritat 2008]. See also http://picard.ups-tise.fr/
adrien2008/Slides/Cheritat.pdf

IThe name was proposed by Benoit Mandelbrot [Mandelbrot 1982], impressed by the
Basilica San Marco in Venice plus its reflection in flooded Piazza.
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Figure 1.1 Douady’s rabbit. Here f(z) = z? + ¢, where ¢ = —0.123 + 0.749i
is a root of ¢3 + 2c2 + ¢+ 1 = 0: see [Carleson & Gamelin 1993]. The three

distinguished points constitute a period 3 orbit. The arrows hint at the action
of f.

?§ %f"‘r}‘*

w_(«f\e Mo

Figure 1.2 Basilica. For decreasing c this shape appears at ¢ = —3/4 with thicker
components. f(z) = z? — 1. The critical point 0 is attracting of period 2.

4’\9@

Flgure 1.3 The (outer) basilica mated with the rabbit. Here f(z) = §2+‘13, where

c= 1+2 =3 Black is attracted to a period 3 orbit, white to period 2. The Julia

set is the boundary between black and white.
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Figure 1.4 Sierpihski gasket, Sierpinski carpet and the boundary of a von Koch
snowflake.

Example 1.6. Complex linear fractals. The linear Cantor set construction
in R described in the Introduction can be generalized to conformal linear Cantor
and other fractal sets in C:

Let U C be a bounded connected domain and T;(z) = Ajz + aj, where
Ai, aj are complex numbers, i = 1,...,n > 1. Assume that closures cl T;(U) are
pairwise disjoint and contained in U. The limit Cantor set A is defined in the
same way as in the Introduction.

In Chapter 10, Example 10.2.8, we shall note that it cannot be the Julia
set for a holomorphic extension of T = Ti_1 on T;(U) for each i, to the whole
sphere C.

If we allow that the boundaries of T;(U) intersect or intersect 0U we obtain
other interesting examples (Figure 1.4).

Example 1.7. Action of Kleinian groups. Beautiful examples of fractal sets
arise as limit sets of the action of Kleinian groups on C.

Let Ho be the group of all homographies, namely the rational mappings of
the Riemann sphere of degree 1, i.e. of the form z - 22215 where ad — bc = 0,
for complex numbers a, b, ¢, d. Every discrete subgroup of Ho is called a Kleinian
group. If all the elements of a Kleinian group preserve the unit disc D = {|z| < 1},
the group is called Fuchsian.

Consider, for example, a regular hyperbolic 4n-gon in D (equipped with the
hyperbolic metric) centred at 0 (Figure 1.5). Denote the consecutive sides by
al,i=1,...,n,j =1,...,4 in the lexicographical order al,...af,a},.... Each
side is contained in the corresponding circle C{ intersecting oD at right angles.
Denote the disc bounded by C} by D!.

It is not hard to see that the closures of D! and D!*? are disjoint for each i
and j =1,2. )

Let g!,j = 1,2 be the unique homography preserving D mapping a! to
al™ and D! to the complement of cID!*?. It is easy to see that the fam-
ily {g!} generates a Fuchsian group G. For an arbitrary Kleinian group G,
the Poincaré limit set A(G) = limg_ o gk(z), the union taken over all




9780521438001c01 CUP/PUK February 17, 2010 21:28 Page-13

Basic examples and definitions 13

Figure 1.5 Regular hyperbolic octagon

sequences of pairwise di erent g« G such that gx(z) converges, where z is
an arbitrary point in C. It is not hard to prove that A(G) does not depend
on z.

For the above example A(G) = dD. If we change g! slightly (the circles C}
change slightly), then either A(G) is a circle S (all new Cj intersect S at the
right angle), or it is a fractal Jordan curve. The phenomenon is similar to the
case of the maps z — z2 + ¢ described in the Introduction and in more detail in
Section 9.5. For details see [Bowen 1979], [Bowen & Series 1979] and [Sullivan
1982]. )

If all the closures of the discs D}, i =1,...,n,j =1,...,4 become pairwise
disjoint, A(G) becomes a Cantor set (the group is called then a Schottky group
or a Kleinian group of Schottky type).

Example 1.8. Higher dimensions. Though the book is devoted to one-
dimensional real and complex iteration and arising fractals, Chapters 2—4 apply
to general situations. A basic example is Smale’s horseshoe. Take a square
K = [0,1] % [0,1] in the plane R? and map it a nely to a strip by squeez-
ing in the horizontal direction and stretching in the vertical, for example
f(x,y) = (%X + 1.3y — %), and bend the strip by a new a ne map g, which
maps the rectangle [1, 2] < [%, 22] to [2, 2] < [—£, 1]. The resulting composition
T =g f maps K to a ‘horseshoe’: see [Smale 1967, p. 773]

The map can be easily extended to a C*-di eomorphism of C by mapping
a ‘stadium’ extending K to a bent ‘stadium’, and mapping its complement to
the respective complement (Figure 1.6). The set AK of points not leaving K
under action of T",n =...,—1,0,1,... is the cartesian product of two Cantor
sets. This set is T-invariant, ‘uniformly hyperbolic’. In the horizontal direction
we have contraction; in the vertical direction uniform expansion. The situation
is di erent from the previous examples of =9 or linear Cantor sets, where we had
uniform expansion in all directions.

Smale’s horseshoe is a universal phenomenon. It is always topologically
present for an iterate of a di eomorphism f having a transversal homoclinic
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Figure 1.6 Horseshoe, stadium extension

point g for a saddle p (Figure 1.7). The latter says that the stable and unstable

manifolds Ws(p) := {y : f"(y) - p},W"() ={y: f"(y) - p}asn - o
intersect transversally at q. For more details on hyperbolic sets see [Katok &
Hasselblatt 1995]. Compare heteroclinic intersections in Chapter 4, Exercise 4.8.

P W*(p)

Figure 1.7 Homoclinic point

Note that T|,« is topologically conjugate to the left shift ¢ on the two-sided
shift space >2: that is, there exists a homeomorphism h : AK _ 32 such that
heT =g h. Compare h in Example 1.3. T on AK is the inverse limit of the
mapping T on the Cantor set described in the Introduction, similar to the inverse
limit =2 of 0 on =2. The philosophy is that hyperbolic systems appear as inverse
limits of expanding systems.

A partition of a hyperbolic set A into local stable (unstable) sets, W3(x) =
{y A:(n=0)pF"(x),T"(y)) = e(x)} for a small positive measurable
function ¢, is an illustration of an abstract ergodic theory measurable parti-
tion & such that (&) is finer than &, f"(€),n - oo converges to the partition
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into points, and the conditional entropy H,(f(§)|€) is maximal possible, equal
to the entropy hy,(f): all this holds for an ergodic invariant measure L.

The inverse limit of the system ... - S' _ S! where all the maps are
z - 72, is called a solenoid. It has a group structure (...,z—1,20)-(...,Z_1,2Zy) =
(....z—1-2_4,2¢ - Z,), which is a trajectory if both factors are, since the map
z - z2 is a homomorphism of the group S'. Topologically the solenoid can be
represented as the attractor A of the mapping of the solid torus D x S! into
itself f(z,w) = (3z + 1w, w?). Its Hausdor dimension is equal in this special
example to 1 + HD(A n {w = wg}) = 1 + €2 for an arbitrary wy, as Cantor

log 3
sets An{w = wy} have Hausdor dimensions gg. These are linear Cantor sets,
discussed in the Introduction.

Especially interesting is the question of the Hausdor dimension of A if
zZ - %z is replaced by z - @(z) not conformal; but this higher-dimensional
problem goes beyond the scope of our book.

If the map z — z2 in the definition of a solenoid is replaced by an arbi-
trary rational mapping, then if f is expanding on the Julia set, the solenoid is
locally the cartesian product of an open set in J(f) and the Cantor set of all
possible choises of backward trajectories. If, however, there are critical points
in J(F) (or converging under the action of " to parabolic points in J(F)), the
solenoid (inverse limit) is more complicated: see [Lyubich & Minsky 1997] and
more recent papers for an attempt to describe it, together with a neighbour-
hood composed of trajectories outside J(f). We shall not discuss this in this
book.

lo
lo

Example 1.9. Bernoulli shifts and Markov chains. For every positive num-
bers p1, ..., pg such that ?:1 pi = 1, one introduces on the Borel subsets of =9
(or ~9) a probability measure p by extending to the o-algebra of all Borel sets
the function pu(Ci,.i,....i,) = PoP1.-.Pt, Where Ci i, ...i, = {(ip,i1,...) 1 ig =
is forevery s=0,1,...,t}. Each such C is called a finite cylinder.

The space ¢ with left shift ¢ and measure | is called a one-sided Bernoulli
shift.

On a topological Markov chain 5 =9 with A = (aij) and an arbitrary
d x d matrix M = p;; such that ?:1 pij =1foreveryi=1,...,d, pjj=0and
pij = 0 if a;; = 0, one can introduce a probability measure p on all Borel subsets
of Za by extending W(Cig,is,....i.) = PioPiois - - - Pi.—si,- Here (p1,...,pa) is an
eigenvector of M , namely  ; pipij = pj, such that p; =0 for every i =1,...,d

d _

and ;_, =1

The space > with left shift 0 and measure u is called a one-sided Markov
chain.

Note that u is g-invariant. Indeed,

MU (Cijo,...i.) =  PiPiioPiois - - - Pi,—1i; = PioPiois - - - Pir—1i, = M(Cio,....i,)-

As in the topological case, if we consider S rather than =9, we obtain two-
sided Bernoulli shifts and two-sided Markov chains.
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Example 1.10. Tchebyshev polynomial. Let us consider the mapping T :
[-1,1] - [—1,1] of the real interval [—1, 1] defined by T(x) = 2x? — 1. In the
co-ordinates z - 2z it is just a restriction to an invariant interval of the mapping
z - z2-2, already discussed in the Introduction. The interval [—1, 1] is the Julia
set of T.

Notice that this map is the factor of the mapping z — z2 on the unit circle
{Iz] = 1} in C by the orthogonal projection P to the real axis. Since the length
measure | is preserved by z — z2, its projection is preserved by T. Its density
with respect to the Lebesgue measure on [—1, 1] is proportional to (dP/dl)~!, and
after normalization is equal to %vﬁ This measure satisfies many properties
of Gibbs invariant measures, discussed in Chapter 5, though T is not expanding;
it has a critical point at 0. This T is the simplest example of a non-uniformly
expanding map, to which the advanced parts of the book are devoted. See also
Figures 2.1 and 2.2 in Section 2.2.
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2

Measure-preserving
endomorphisms

2.1 Measure spaces and the Martingale
Theorem

We assume that the reader is familiar with the basic elements of measure and
integration theory. For a complete treatment see, for example, [Halmos 1950]
or [Billingsley 1979]. We start with some basics to introduce the notation and
terminology.

A family F of subsets of a set X is said to be a ¢-algebra if the following
conditions are satisfied:

X F, (2.1.1)
A F A F (2.1.2)

and -
{Ai}2, F A; F. (2.1.3)

i=1
It follows from this definition that F: that the o-algebra F is closed under
countable intersections and under subtractions of sets. If (2.1.3) is assumed only
for finite subfamilies of F then F is called an algebra. The elements of the
o-algebra F will frequently be called measurable sets.

Notation 2.1.1. For any family F, of subsets of X, we denote by o(Fy) the
least o-algebra that contains Fy, and we call it the o-algebra generated by F.

A function on a g-algebra F, pu: F - [0, oo], is said to be g-additive if for
any countable subfamily {A;j};2, of F consisting of mutually disjoint sets we
have

oo oo

oA = (A (2.1.4)

i=1 i=1

17
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We say then that p is a measure. If we consider in (2.1.4) only finite families of
sets, we say W is additive. The two notions of additivity and of o-additivity make
sense for a g-algebra as well as for an algebra, provided that in the case of an
algebra one considers only families {A;} F such that A; F. The simplest
consequences of the definition of measure are the following:

H( ) =0; (2.15)
if A, B F and A B then p(A) < u(B); (2.1.6)
ifA1 Az ... and {Ai};2, F then

o A =supp(Ai) = lim p(A).  (2.1.7)

i=1

We say that the triple (X, F, ) with a o-algebra F and p a measure on F is
a measure space. In this book we shall always assume, unless otherwise stated,
that p is a finite measure: that is, 1 : F - [0, o0). By (2.1.6) this equivalently
means that p(X) < oo. If u(X) = 1, the triple (X, F, ) is called a probability
space and [ a probability measure.

We say that @ : X — R is a measurable function, if ¢~1(J) F for every
interval J R, equivalently for every Borel setJ R (compare Section 2.2). \We
say that @ is p-integrable if |@|du < oo. We write @  L'(u). More generally,
for every 1 < p < oo we write ([P du)'/P = ¢ p,» and we say that ¢ belongs
to LP(u) = LP(X, F, ). If inf,g)— SUPx\g |@] < oo, we say that ¢ L* and
denote the latter expression by @ . The numbers ¢ ,,1=<p =< oo are called
LP-norms of ¢. We usually identify in this chapter functions that di er only on
a set of p-measure 0. After these identifications the linear spaces LP(X, F, L)
become Banach spaces with the norms ¢ .

We say that a property q(x), X X, is satisfied for g almost every x X
(abbr: a.e.), or p-a.e., if p({x : q(x) is not satisfied}) = 0. We can consider q as
a subset of X with p(X'\q) =0.

We shall often use in this book the following two facts.

Theorem 2.1.2 (Monotone Convergence Theorem). Suppose @1 < @ < ... is
an increasing sequence of integrable, real-valued functions on a probability space
O FL ). Then @ = limp _ o @ exists a.e. and limp_ oo Ondp =  @dp. (We
allow +o0o’s here.)

Theorem 2.1.3 (Dominated Convergence Theorem). If (¢n)n>; iS a sequence
of measurable real-valued functions on a probability space (X, F, ) and |pn| <9
for an integrable function g, and ¢, - ¢ a.e., then ¢ is integrable and
liMp_co Ondpu= odu.

Recall now that if F is a sub-c-algebra of F and ¢ : X - R is a p-
integrable function, then there exists a unique (mod 0) function, usually denoted
by E(¢|F ), such that E(¢|F ) is F -measurable and

E(o|F )du=odu (2.1.8)
A A
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forall A F . E(9|F ) is called the conditional expectation value of the function
@ with respect to the o-algebra F . Sometimes we shall use for E(@|F ) the
simplified notation @ .

For F, generated by a finite partition A (cf. Section 2.3), one can think of
E(9lo(A)) as constant on each A A equal to the average , @ du/p(A).

The existence of E(@|F ) follows from the well-known Radon-Nikodym The-
orem, which says that if v M, with both measures defined on the same
o-algebra F (where v 1 means that v is absolutely continuous with respect
to Y, i.e. p(A) =0 v(A) = 0 for all A F ), then there exists a unique
(mod 0) F -measurable, p-integrable function ® = dv/du : X — R, called the
Radon-Nikodym derivative, such that for every A F

®du = v(A).
A

To deduce (2.1.8) we set v(A) = , @dufor A F . The trick is that we restrict
p from F to F : that is, we apply the Radon-Nikodym Theorem forv = p|g .

Ifo LPCX F,u) then E(p]F) LP(CX,F ,p) for all g-algebras F with
LP norms uniformly bounded. More precisely, the operators ¢ — E(@|F ) are
linear projections from LP(X,F, ) to LP(X, F , ), with LP-norms equal to 1
(see Exercise 2.7).

For a sequence (Fn))5>, of o-algebras contained in F, denote by =, Fn
the smallest o-algebra containing ., Fn The latter union is usually not a
o-algebra, but only an algebra (if the sequence is ascending). According to
Notation 2.1.1, 7, Fn = o( ., Fn). Compare Section 2.6, where complete
o-algebras of this form are considered in Lebesgue spaces.

We end this section with the following version of the Martingale Conver-

gence Theorem.

Theorem 2.1.4. If (F, : n = 1) is either an ascending or a descending sequence
of g-algebras contained in F, then for every ¢ LP(W), 1 <p < oo, we have

nIim E(o|Fn) = E(p|F ), a.e.andin LP,

co
n=1

(o)

where F is equal either to ne=1i

Fn or to F, respectively.

Recall that a sequence of p-measurable functions ¢ : X - R, n=1,2,...
is said to converge in measure p to Y if for every € > 0, limp_ oo H{X X :
[Wn(X) —W(x)| =¢€}) = 0.

In this book we denote by 15 the indicator function of A, namely the function
equal to 1 on A and to 0 outside A.

Remark 2.1.5. For the existence of F and the convergence in LP in Theo-
rem 2.1.4, no monotonicity is needed. It is su cient to assume that for every
A F the limit lim E(ZLa|Fn) in measure p exists.

We shall not provide here any proof of Theorem 2.1.4 in the full generality
(but see Exercise 2.5). However, let us at least provide a proof of Theorem 2.1.4



9780521438001c02 CUP/PUK February 17, 2010 21:30 Page-20

20 Measure-preserving endomorphisms

(and of Remark 2.1.5 in the case imE(La|Fn) = 1) for the L2-convergence
for functions @  L2(u). This is su cient, for example, to prove the important
Theorem 2.8.6 (proof 2) later on in this chapter.

For any ascending sequence (F) we have the equality

L2(X,F ,p) = L2(X,Fn, ). (2.1.9)

n

Indeed, for every B,C F write B+~ C = (B\C) (C\ B), the so-called
symmetric di erence of sets B and C. Note that for every B F there exists a
sequence B, Fn, n=1, such that u(B ~B,) - 0.

This follows, for example, from Carathéodory’s argument: see the comments
after the statement of Theorem 2.7.2. We have nu(B) equal to the outer measure
of B constructed from [ restricted to the algebra ., Fn. In the Remark 2.1.5
case, where we assumed lim E(La|Frn) = 1, this is immediate.

Hence L2(X,Fn, 1) 1, — 1g in L2(X,F, ). Finally, to get (2.7.2), use
the fact that every function f L2(X,F , ) can be approximated in the space
L2(X,F ,W) by the step functions, i.e. finite linear combinations of indicator
functions.

Therefore, since E(¢|Fn) and E(@|F ) are orthogonal projections of ¢ to
L2(X,Fn,) and L2(X,F , ) respectively (exercise), we obtain E(¢|Fn) -
E(@|F ) in L2.

For a decreasing sequence F, use the equality L*(X,F ,p) = L2
(X, Fn, ).

2.2 Measure-preserving endomorphisms;
ergodicity

Let (X,F,pn) and (X ,F ,u) be measure spaces. A transformation T : X -
X is said to be measurable if T"'(A) F for every A F . If, moreover,
W(T~I(A)) = p (A) for every A F , then T is called measure preserving. We
writte g =peTlorp =T (.

We call (X ,F ,p) a factor (or quotient) of (X,F,u), and (X,F,) an
extension of (X, F, p).

If a measure-preserving map T : X — X is invertible, and the inverse T !
is measurable, then clearly T~! is also measure preserving. Therefore T is an
isomorphism in the category of measure spaces.

If O,F,p) = (X ,F,u) we call T a measure-preserving endomorphism;
we shall also say that the measure p is T-invariant, or that T preserves
M. In the case of (X,F,u) = (X ,F ,l4) an isomorphism T is called an
automorphism.

If T and T are endomorphisms of (X, F, ) and (X ,F , 1) respectively, and
S : X - X isameasure-preserving transformation from (X, F, ) to (X ,F , 1)
suchthat F eS=SoF,thenwecall T : X - X afactorof T : X - X and
T:X - Xanextensionof T : X - X.
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For every p-measurable ¢ we define Ut (@) =@~ T.
Ut is sometimes called the Koopman operator. We have the following easy
proposition:

Proposition 2.2.1. For¢ LY(X ,F,pu)wehave @°Tdu= @du-T L
Moreover, for each p the adequate restriction of the Koopman operator Ut :
LP(X ,F ,u) - LPCX,F, ) is an isometry to the image, surjective if and only
if T is an isomorphism.

The isometry operator Ut has been widely explored to understand measure-
preserving endomorphisms T. Especially convenient has been Ut : L2(n) -
L2(p), the isometry of the Hilbert space L2(j). Notice that it is an isomorphism
(that is unitary) if and only if T is an automorphism. For more properties see
Exercise 2.23.

We shall now prove the following very useful fact, in which the finiteness of
measure is a crucial assumption.

Theorem 2.2.2 (Poincaré Recurrence Theorem). If T : X - X is a (finite!)
measure-preserving endomorphism, then for every mesurable set A

n{x A:T"(x) A for infinitely many n’'s} = u(A).
Proof. Let
N=NTA)={x A:T"X)/A n=1}

We shall first show that u(N) = 0. Indeed, N is measurable since N = A n

=1 1T "(X\A). If x N, then T"(x) / A for all n = 1 and, in particular,
T"(x) / N, which implies that x / T~™"(N), and consequently N n T™"(N) =
for all n = 1. Thus all the sets N, T71(N), T"2(N),... are mutually disjoint,
since if Ny < ny then

T™MMN)NT ™N)=T ™M(NnT M"(N)) = .

Hence

o > TT"N) = uT"(N)= uN).

n=0 n=0 n=0

Therefore u(N) = 0. Now set k =1 and put
Ne={x A:T"X) /A n=k}.

Then N N(TK,A) and therefore from what has been proved above it follows
that p(Ny) < u(N(TK, A)) = 0. Thus

uH{x A:T"(x) A for only finitely many n’'s} =0.

The proof is complete. &
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Definition 2.2.3. A measurable transformation T : X - X of a measure space
(X,F, ) is said to be ergodic if for any measurable set A

WTHA)+A)=0 H(A) =0 or u(X \ A) = 0.
Recall the notation B+~ C =(B\C) (C\B).

Note that we did not assume in the definition of ergodicity that p is T-
invariant (nor that p is finite). Suppose that for every E of measure 0 the set
T~1(E) is also of measure 0. (In Chapter 5 we call this property of u with respect
to T backward quasi-invariance. In the literature the name non-singular is also
used.) Then in the definition of ergodicity one can replace u(T ~!(A) +A) =0
by T71(A) = A. Indeed, having A as in the definition, one can define A =

o men TT™(A). Then p(A) = u(A) and T7'(A) = A . If we assume that

m=n

the latter implies p(A) =0 or (X \A) =0, then u(A) =0 or u(X \ A) =0.

Remark 2.2.4. If T is an isomorphism then T is ergodic if and only if T~ is
ergodic.

Let  : X - R be a measurable function. For any n = 1 we define
Sh@=@+@oT+...+@oT" L (2.2.1)

Letl ={A F (T 1(A)+A)=0}. We call I the c-algebra of T -invariant
(mod 0) sets. Note that every § : X - R, measurable with respect to I, is T-
invariant (mod 0): that is, ¢ = T = { on the complement of a set of measure u
equal to 0.

Indeed, let A = {x X :Y(X) = P -T(X)}, and suppose u(A) > 0. Then
there exists a R such that either A7 = {x A:y(x) <a,Pe-T(x)>a}or
A ={x A:pX)>aPe-T(X)<a} has positive p-measure. In the case of
AT we have y =T > a on T~ 1(AL). We conclude that ¢ > a and § < a on
AL n TY(AY) simultaneously, which contradicts AL n T~1(AL) = u(AL) > 0.
The case of A~ can be dealt with similarly.

Theorem 2.2.5 (Birkho ’s Ergodic Theorem). If T : X - X is a measure-
preserving endomorphism of a probability space (X,F,) and ¢ : X - R is an
integrable function, then
.1
nI|m ﬁSn(p(x) = E(o|l) for p-a.e. x X.

If, in addition, T is ergodic, then

nIim %Sn(p(x) = ¢@dy, forp-ae. x (2.2.2)

We say that the time average exists for p-almost every x  X. If T is ergodic,
we say that the time average equals the space average.
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2_

-1 0 1

Figure 2.1 The plotted density of an invariant measure for T (x) = 2x? — 1.

-1 -0.5 0.5 1

Figure 2.2 The density of an invariant measure for T (x) = 2x? — 1.

If @ = 1, the indicator function of a measurable set A, then we deduce that
for p-a.e. x X the frequency of hitting A by the forward trajectory of x is
equal to the measure (probability) of A: that is,

lim #{0<j <n: Ti(x) A}Mn=p(A). (2.2.3)

This means, for example, that if we choose a point in X being a bounded
invariant part of Euclidean space at random, its su ciently long forward tra-
jectory fills X, with the density being approximately the density of p with
respect to the Lebesgue measure, provided p is equivalent to the Lebesgue
measure.

In Figure 2.1, for a randomly chosen x  [—1,1], the trajectory TI(x),j =
0,1,...,n, for T(x) = 2x2—1 is plotted. See Example 1.8. The interval [—1, 1] is
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— \/\\/ : Alw :

Case 1 Case 2

Figure 2.3 Graph of k - E‘:_Olf °oTH(x),k =1,2,.... Case 1: Fn 1 (X) = F(X)
(i.e. Frn(T(X)) = 0). Case 2: Fnp1(X) = F(X) + Fr(T(X)) (i.e. Fn(T (X)) = 0).

divided into k = 100 equal pieces. The computer calculated the number of hits
of,gach piece for n = 500 000. The resulting graph indeed resembles the graph of
% 1 —x2 (Figure 2.2), which is the density of the invariant probability measure
equivalent to the length measure. Compare Figures 1.13 and 1.14 in [Collet &
Eckmann 1980].

As a corollary of Birkho ’s Ergodic Theorem, one can obtain von Neumann’s
Ergodic Theorem. This says that if ¢ LP(u) for 1 < p < oo, then the con-
vergence to E(¢|1) holds in LP. This is not di cult: see for example [Walters

1982].

Proof of Birkho ’s Ergodic Theorem. Let f L!(u) and F, = max{ :‘:_Olf °
T':1 <k <n} forn = 1,2,.... Then for every x X, Fnai(X) —
Fa(T(X)) = f(X) — min(0,Fn(T(x))) = f(X) and is monotone decreasing,
since Fn is monotone increasing. The two cases under min are illustrated in
Figure 2.3.

Define
n

A= x:sup F(T'X)=oco .

i=0

Note that A 1. 1fx A, then Fn,1(X) — Fn(T (X)) monotonously decreases to
f(X) as n - oo. The Dominated Convergence Theorem implies, then, that

0s (Fnyi—Fn)du=  (Fnp1 —FneT)dp - fdu (2.2.4)
A A A

(We thus get , fdu = 0, which is a variant of the so-called Maximal Ergodic
Theorem: see Exercise 2.3.)
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Notice that 1 =) f o TK < Fn/n: so, outside A, we have

1 n—1
limsup= foTK<O. (2.2.5)
nooo N
k=0
Therefore, if the conditional expectation value f, of f is negative a.e., that is
if cfdu= fidu<OforallC I withp(C) >0, then,as A 1, (2.2.4)
implies that u(A) = 0. Hence (2.2.5) holds a.e. Now if we let f = @ — @y — €,
then f; = —e < 0. Note that @, = T = ¢, implies that

n—1 n—1

1 1
- T oTk = -Tk — — €.
n n QT 1] it
k=0 k=0
So (2.2.5) yields
n—1
limsup= @-TK<g@, +¢ ae.
n-eo My

Replacing ¢ by —@ gives

n—1
liminf=  @oTX=¢, —¢ ae.
n-oo N
k=0
Thus liMn_co 2 1o @oTX =0 ae. *

Recall that at the end opposite to the absolute continuity (see Section 2.1)
there is the notion of singularity. Two probability measures p; and ps on a
o-algebra F are called mutually singular, p; Mo, if there exist disjoint sets
X1, X2 F with gi(X;) =1 fori=1,2.

Theorem 2.2.6. If T : X - X is a map measurable with respect to a o-algebra
F, and if gy and p, are two di erent T-invariant probability ergodic measures
on F, then p; and W, are mutually singular.

Proof. Since p; and Y, are di erent, there exists a measurable set A such that
H1(A) = H2(A). (2.2.6)
By Theorem 2.2.5 (Birkho ’s Ergodic Theorem) applied to 11; and s there exist
sets X1, Xy F satisfying ni(Xj) = 1 for i = 1,2 such that for every x Xj
1
Jim - SnLa(X) = Hi(A).
Thus in view of (2.2.6) the sets X; and X, are disjoint. The proof is complete. &

Proposition 2.2.7. If T : X - X is a measure-preserving endomorphism of a
probability space (X, F,v), then v is ergodic if and only if there is no T-invariant
probability measure on F absolutely continuous with respect to v and di erent
from v.
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Proof. Suppose that v is ergodic and p is a T-invariant probability measure on
F with p v. Then p is also ergodic. Otherwise there would exist A F such
that T~'(A) = A and p(A), u(X \ A) > 0 so v(A),v(X \ A) > 0: thus v would
not be ergodic. Hence, by Theorem 2.2.6, L =v.

Suppose in turn that v is not ergodic, and let A F be a T-invariant set
such that 0 <v(A) < 1. Then the conditional measure on A is also T -invariant,
but simultaneously it is distinct from v and absolutely continuous with respect
to v. The proof is complete. &

Observe now that the space M (F) of probability measures on F is a convex
set: i.e. the convex combination apu+ (1 —a)v, 0 < a < 1, of two such measures
is again in M(F). The subspace M(F,T) of M(F) consisting of T-invariant
measures is also convex.

Recall that a point in a convex set is said to be extreme if and only if it cannot
be represented as a convex combination of two distinct points with corresponding
coe cient 0 < a < 1. We shall prove the following theorem.

Theorem 2.2.8. The ergodic measures in M(F,T) are exactly the extreme
points of M(F, T).

Proof. Suppose that u, pi, e M(F,T), gy = de and g = apy + (1 —a)p, with
O<a<1 Then gy, = nand Yy K. Thus, in view of Proposition 2.2.7, the
measure W is not ergodic.

Suppose in turn that p is not ergodic, and let A F be a T-invariant
set such that 0 < p(A) < 1. Recall that, given B F with u(B) > 0,
the conditional measure A — H(A|B) is defined by p(A n B)/u(B). Thus
the conditional measures p(:|]A) and p(:|A°) are distinct, T-invariant and p =
HAAUGIA) + (1 — p(A)U(|A®). Consequently p is not an extreme point in
M (F,T). The proof is complete. &

In Section 2.8 we shall formulate a theorem on decomposition into ergodic
components that will clarify the situation better. This will correspond to the
Choquet Theorem in functional analysis: see Section 3.1.

2.3 Entropy of partition

Let (X, F, ) be a probability space. A partition of (X, F, ) is a subfamily (a
priori may be uncountable) of F consisting of mutually disjoint elements whose
union is X.

If A is a partition and x X, then the only element of A containing X is
denoted by A(X) or, if x A A, by A(X).

If A and B are two partitions of X, we define their join or joining:

A B={AnB:A A B B}

We write A < B if and only if B(x) A(X) for every x X, which in other
words means that each element of the partition B is contained in an element of
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the partition A or equivalently A B = B. We sometimes say in this case that
B is finer than A, or that B is a refinement of A.

Now we introduce the notion of entropy of a countable (finite or infinite)
partition, and we collect its basic elementary properties. Define the function
k:[0,1] - [0, o], putting

—tlogt fort (0,1]

k(t) =
© 0 fort=0

(2.3.1)

Check that the function k is continuous. Let A = {A; : 1 < i < n} be a countable
partition of X, where n = 1 is a finite integer or oo. In the sequel we shall usually
write oo.

The entropy of A is the number

oo oo

HA) = —u(A) logu(A) = k(u(A)). (2.3.2)

i=1 i=1

If A is infinite, H(A) may happen to be infinite as well as finite.
Define

1(X) = 1(A)(X) := —log L(A(X)). (2.3.3)

This is called an information function. Intuitively 1(x) is information on an
object x given by the experiment A in the logarithmic scale. Therefore the
entropy in (2.3.2) is the integral (the average) of the information function.

Note that H(A) = 0 for A = {X}, and that if A is finite — say, consisting of
n elements — then 0 < H(A) < logn and H(A) = logn if and only if p(A;) =
H(A2) = ... = u(An) = 1/n. This follows from the fact that the logarithmic
function is strictly concave.

In this section we deal only with one fixed measure u. If, however, we need
to consider more measures simultaneously (see for example Chapter 3), we shall
use instead the notation H,(A) for H(A). We shall use also the notation 1,,(x)
for 1(x).

Let A= {A;:i=1} and B = {Bj : j = 1} be two countable partitions of
X. The conditional entropy H(A|B) of A given B is defined as

=7 B | _MAINBj) | H(A N Bj)
H(AIB) =1 H(Bj)i:1 H(Bj) ° H(Bj)
A R H(A; n Bj)
= MAn&Nm—I@;L. (2.3.4)

i.j

The first equality, defining H(A|B), can be viewed as follows. One considers
each element B; as a probability space with conditional measure pu(A|B;j) =
M(A)Y/u(Bj) for A B; and calculates the entropy of the partition of the set B;
into Aj n Bj. Then one averages the result over the space of B;’s. (This will be
generalized in Definition 2.8.3.)
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For each x denote —logH(A(X)|B(X)) = —log %) by 1(x) or

1(A|B)(X). The second equality in (2.3.4) can be rewritten as
H(A|B) = 1(A|B) dpu. (2.3.5)
X

Note, by the way, that if B is the o-algebra consisting of all unions of ele-
ments of B (i.e. generated by B), then 1(x) = —log L((A(X) n B(X))|B(X)) =
—log E(La(x)[B)(X); compare (2.1.8).

Note finally that for any countable partition A we have

H(AI{X}) = H(A). (2.3.6)

Some further basic properties of the entropy of partitions are collected in the
following.

Theorem 2.3.1. Let (X, F, ) be a probability space. If A, B and C are countable
partitions of X, then:

H(A B|C) =H(AIC) + H(B|JA C) (€)]
H(A B) =H(A) + H(BJA) (b)
A<B H(A|C) < H(BIC) (©)
B=C H(AIB) = H(AIC) (d)
H(A B|C) = H(AIC) + H(BIC) (e)
H(A|C) = H(A|B) + H(BIC). )

Proof. Let A={An:n=1} B={By,: m=1}, andC = {C, : | = 1}. Without
loss of generality we can assume that all these sets are of positive measure.
(a) By (2.3.4) we have

}J(Ai n Bj n Ck)

H(A BIC)=—  u(AinBjnCy)log 1(Co)

i,j.k
But
H(Ai n Bj n Cy) _ H(Ai n Bj n Cy) u(Ai n Cy)
H(Ck) H(Ai n Cy) H(Ck)
unless u(A;j n Cx) = 0. But then the left-hand side vanishes, and we need not
consider it. Therefore

H(A;i n Cyx)
H(Ck)

}J.(Ai N Bj n Ck)

T HAINCY)

H(Ai n Cy)
H(Cx)

H(A BlC) = - U(AI n Bj n Ck) |Og
ij.k
- H(A; n Bj n Ck) log
ij.k
=—  MAinCy)log
i,k
= H(A|C) + H(B]JA C).

+H(BJA C)
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(b) Put C = {X} and apply (2.3.6) in (a).
(c) By ()
H(B|C) = H(A B|C) = H(AIC) + H(BJA C)=H(A|C).

(d) Since the function k defined by (2.3.1) is strictly concave, we have for every
pair i, j that

HCnB)uAInC) _  MCnBj), HAinC)
. HBj) T(o) R (1)) H(C)

But since B < C, we can write above C; n Bj = C;: hence the left-hand side
is equal to k “(ﬁ(’%gﬁj) , and we conclude with

K H(Ai n Bj) = H(CinBj),  H(AinCy)
H(B;j) . H(Bj) u(C)

(Note that until now we have not used the specific form of the function k.)
Finally, multiplying both sides of (2.3.7) by u(Bj), using the definition of k
and summing over i and j, we get

1(Ai n Bj)

(2.3.7)

H(Ai n Cy) o H(Ai n Cy)

— i N I > — N
T N R T((e i)
|.1(Ai n C|) |.,l(A| n C|)
=— |
B T T I

or equivalently H(A|B) = H(A|C).

Formula (e) follows immediately from (a) and (d), and formula (f) can
be proved by a straightforward calculation (its consequences are discussed in
Exercise 2.17). &

2.4 Entropy of an endomorphism

Let (X, F, ) be a probability space, and let T : X - X be a measure-preserving
endomorphism of X. If A = {A;};i | is a partition of X, then by T~'A we denote
the partition {T~'(A;)}i 1. Note that for any countable A

H(T *A) = H(A). (2.4.1)

For all n = m = 0 denote the partition ;' T'TA=A T (A
— _ n —j _ - -
Ln”(A) = i_m T7'(A) by AR,. For m = 0 we shall sometimes use the notation
Lemma 2.4.1. For any countable partition A,
n
H(A™) = H(A) +  H(AIAD). (2.4.2)
j=1
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Proof. We prove this formula by induction. If n = 0, it is a tautology. Suppose
it is true for n —1 = 0. Then with the use of Theorem 2.3.1(b) and (2.4.1) we
obtain

H(A™) = H(AT A) = H(AT) + H(A|AT)
= H(A™™1) + HAJAT) = H(A) +  H(AJAD).
ji=1

Hence (2.4.2) holds for all n. &»

Lemma 2.4.2. The sequences %ﬂ H(A™) and H AJAT) are monotone decreas-
ing to a limit h(T, A).

Proof. The sequence H AJAT), n=0,1,... is monotone decreasing, by Theorem
2.3.1(d). Therefore the sequence of averages is also monotone decreasing to the
same limit; furthermore, it coincides with the limit of the sequence niﬂ H(A™)
by (2.4.2). &

The limit #1 H(A") whose existence has been shown in Lemma 2.4.2 is
known as the (measure—theoretic) entropy of T with respect to the partition A,
and is denoted by h(T, A), or by h, (T, A) if one wants to indicate the measure
under consideration. Intuitively this means the limit rate of the growth of average
(integral) information (in a logarithmic scale), under consecutive experiments,
for the number of those experiments tending to infinity.

Remark. Write ax := H(AX™1). In order to prove the existence of the limit
n%rl H(A"™), instead of relying on (2.4.2) and the monotonicity, we could use the
estimate

antm = HAAMM ™) < HA"™) + H(A2+m_1) =an +HA™ ") = an + an.
following from Theorem 2.3.1(e) and from (2.4.1), and apply the following:

Lemma 2.4.3. If {an}n>; is a sequence of real numbers such that an m < an+
am for all n,m =1 (any such a sequence is called subadditive), then limg_ o an
exists and equals inf, an/n. The limit could be —oco, but if the a,’s are bounded
below, then the limit will be non-negative.

Proof. Fix m = 1. Each n =1 can be expressed asn =km+iwith0<i<m.

Then K
a, aj aj a aj a, aj a,
dn _ i+km - i + km = i + m __ i + m

n_ i+km~_km km km km km m’
If n - oo then also k - oo and therefore limsup,_., % < 2=. Thus
limsup,, . o & <inf 22 Now the inequality inf &= < liminf,, _ . 2= completes
the proof. &

Notice that there exists a subadditive sequence (an)p>; such that the corre-
sponding sequence an/n is not eventually decreasing. Indeed, it su ces to observe
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that each sequence consisting of 1’s and 2’s is subadditive, and to consider such
a sequence having infinitely many 1's and 2’s. If for an n > 1 we have a, = 1
and any1 = 2, we have 22 < ?1:1

One can consider an + Cn for any constant C > 1, making the example
strictly increasing.

Exercise. Prove that Lemma 2.4.3 remains true under the weaker assumption

that there exists ¢ R such that an+m < an +am + ¢ for all n and m.

The basic elementary properties of the entropy h(T, A) are collected in the
next theorem.

Theorem 2.4.4. If A and B are countable partitions of finite entropy then

h(T,A) < H(A) (@)
h(T,A B)<h(T,A)+h(T,B) (b)
A<B h(T,A) < h(T,B) (c)
h(T,A) < h(T,B) + H(A|B) d)
h(T, T~ }(A)) = h(T,A) (e)
If k=1 then h(T,A) =h T,A") )
k
If T is invertible and k =1, then h(T,A)=h T, TI(A) (9)

i=—k

The standard proof (see for example [Walters 1982]) based on Theorem 2.3.1
and formula (2.3.2) is left for the reader as an exercise. Let us prove only
item (d).

h(T,A) = lim %H(A”_l)znlim % H(AM![B"!) + H(B" )
i 1 " —J n—1 P 1 n—1
< lim = HT3AB" )+ lim ZHEB" ™)
oo N . n-oo N
i=0
n—1
< lim % H (T 3 (A)|T ¥ (B)) + h(T, B) < H(A|B) + h(T, B).
=0

Here is one more useful fact, stronger than Theorem 2.4.4(c):

Theorem 2.4.5. If T : X - X is a measure-preserving endomorphism of a
probability space (X, F, ), A and B,,m =1,2,... are countable partitions with
finite entropy, and H(A|Bm) — 0 as m - oo, then

h(T, A) < liminf h(T, Bm).

In particular, for By, := B™ = ;“ZOT_J' (B), one obtains h(T, A) < h(T, B).
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Proof. By Theorem 2.4.4(d), we get for every positive integer m that
h(T,A) < H(A|Bm) + h(T, Bm).

Letting m - oo this yields the first part of the assertion. If B, = B™, then
h(T,B™) = h(T,B), by Theorem 2.4.4(f), and the second part of the theorem
follows as well. &

The (measure-theoretic) entropy of an endomorphism T : X - X is defined
as
hu(T) = h(T) = sup{h(T,A)}, (2.4.8)
A

where the supremum is taken over all finite (or countable of finite entropy)
partitions of X. See Exercise 2.21.

It is clear from the definition that the entropy of T is an isomorphism
invariant.

Later on (see Theorem 2.8.7, Remark 2.8.9, Corollary 2.8.10 and Exercise
2.18) we shall discuss the cases where H(A|B,) — 0 for every A (finite or of
finite entropy). This will allow us to write hy(T) = limm _, o h(T,Bm) or h(T) =
h(T, B).

The following theorem is very useful.

Theorem 2.4.6. If T : X - X is a measure-preserving endomorphism of a
probability space (X, F, W), then

h(T¥) = kh(T) for all k =1, (@)
If T is invertible then h(T ') = h(T). (b)

Proof. (a) Fix k = 1. Since

1 n—1 ) k—1 ) Kk nk—1 )
lim =H T4 T7'A = lim —H T7'A =kh(T,A)
n-oo N o i—o n-oo N .
J_ = =

we have h TK, “'T=IA =kh(T,A). Therefore

k—1

kh(T) =k sup h(T,A)=suph TK,
A

T'A <suph(TK,B) = h(T*).
A finite B

i=0

(2.4.3)

On the other hand, by Theorem 2.4.4(c), we get h(TK, A) <h Tk, “/T-ia =

kh(T,A), and therefore h(T*) < k h(T). The result follows from this and (2.4.3).
(b) In view of (2.4.1), for all finite partitions A we have

n—1 ) n—1 _ n—1 )
H TA=HT ™Y TA=H T7A.
i=0 i=0 i=0

This completes the proof. »
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Let us end this section with the following theorem, to be used for example in
Section 3.6.

Theorem 2.4.7. If u and v are two probability measures on (X, F), both pre-
served by an endomorphism T : X - X, then for every a: 0 < a < 1 and the
measure p = ap + (1 — a)v we have

ho(T) = ahu(T) + (1 —a)v(T).
In other words, the mapping i - hy isa ne.

The proof can be found in [Denker, Grillenberger & Sigmund, 1976, Propo-
sition 10.13] or [Walters 1982, Theorem 8.1]. We leave it to the reader as an
exercise.

Hint: Prove first that for every A F we have

0 = k(p(A))—ak(u(A)—(1—a)k(v(A)) =—(alog a)u(A)—((1—a) log(1—a))v(A),

using the concavity of the function k(t) = —tlogt: see (2.3.1). Summing this up
over A A for a finite partition A, obtain

0 < Hp(A) —aHu(A) — (1 —a)Hy(A) < log 2.
Apply this to partitions A" and use Theorem 2.4.6(a).

Remark. This theorem can be easily deduced from the ergodic decomposition
theorem (Theorem 2.8.11) for Lebesgue spaces: see Exercise 2.16. In the setting
of Chapter 3, for Borel measures on a compact metric space X, one can refer
also to Choquet’s Theorem 3.1.11.

2.5 Shannon-McMiillan—-Breiman Theorem

Let (X, F,) be a probability space, let T : X — X be a measure-preserving
endomorphism of X, and let A be a countable finite entropy partition of X.

Lemma 2.5.1 (Maximal inequality). For each n =1,2,... let f, = I(AJAT)
and f =sup,=; fn. Then foreach A R and each A A

HEdx A:f (X)>A}) <e . (2.5.1)
Proof. Foreach A A and n =1,2,... let ff = —log E(1a]AT). Of course
fo= 5 ALafA. Denote

BA={x X:fAX),...,fA () <\ Fi(X) > A}

Since BY F(AY), the og-algebra generated by AT,

HBANA)=  lLadu=  E@alADdu= e ™ du<e puBA).
BA A A

n n n
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Therefore
HEx AF ()>A=  uBinA)=e? pBR=e
n=1 n=1
&

Corollary 2.5.2. The function f is integrable and f du< H(A) + 1.
Proof. Of course p({x A: T =A}) <= p(A),so p{x A:F X) =A} <
min{u(A),e~*}. So, by Lemma 2.5.1,

f du= f du= p{x A:f (X) > A}dA
X AA A AADO

< min{u(A), e *}dA
0

—log u(A) oo
= H(A) dA + e M dA
AA O —log H(A)

—H(A)(log u(A)) + W(A) =H(A) +1.

A A

L

Note that if A is finite, then the integrability of f follows from the integra-
bility of  |a for each A, following immediately from Lemma 2.5.1. The di culty
with infinite A is that there is no p(A) factor on the right-hand side of (2.5.1).

Corollary 2.5.3. The sequence (f,)3>; converges a.e. and in L!.

Proof. E(LA]AT) is a martingale to which we can apply Theorem 2.1.4. This
gives convergence a.e.: hence convergence a.e. of each 4, and hence of f,,. Now
convergence in L! follows from Corollary 2.5.2 and the Dominated Convergence

Theorem. &

Theorem 2.5.4 (Shannon—-McMillan-Breiman). Suppose that A is a countable
partition of finite entropy. Then there exist limits

n—1
f= r]Iim 1(AJAT) and f,(x) = nIim % f(TI(x)) for a.e. x
and 1
H ny — H 1
nILnloml(A )=f ae. andin L". (2.5.2)
Furthermore,

h(T,A) = nllngo% HAM = fidu= fdu (2.5.3)
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The limit ¥ will gain a new interpretation in (2.8.6), in the context of
Lebesgue spaces, where the notion of information function I will be generalized.

Proof. First note that the sequence f, = I(AJA),n =1,2,... converges to an
integrable function f by Corollary 2.5.3. (Caution: though the integrals of f,
decrease to the entropy, Lemma 2.4.2, it is usually not true that f, decrease.)
Hence the a.e. convergence of time averages to fy holds by Birkho ’s Ergodic
Theorem. It will su ce to prove (2.5.2), since then (2.5.3), the second equality,
holds by integration and the last equality by Birkho ’s Ergodic Theorem, the
convergence in L!.

(In fact (2.5.3) already follows from Corollary 2.5.3. Indeed, limg_ oo #1
HA™) = limp_ oo HAIAT) =limp Lo TAAJAT) AU = limn_ o I(AJAT) du =

fdu.)

Let us now establish some identities (compare Lemma 2.4.1). Let {A,:n=

0} be a sequence of countable partitions. Then we have
n n n
| A =1 Aol Ai +1 Aj

i=0 i=1 i=1
n n

=1 A A LA A+ (A,
i=1 i=2

In particular, it follows from the above formula that for A; = T A we have
1AM = 1AIAN) + I(TTTAIAD) + ...+ I(T7"A)
=1AJAD) + IAJAT D e T+ ... 1(A) = T"
=fr+Tfro e T +Fq e T2+ . +fHT",

where f, = 1(AJAY), o = 1(A). Now

LAY -f = n(f foTi—FoT) + Cerior
n+1 = n+i, n n+1, . t

Since by Birkho ’s Ergodic Theorem the latter term converges to zero both
almost everywhere and in L, it su ces to prove that for n - oo

n

1 ; .
On—icT' - 0 ae. andinL!, (2.5.4)

where gk = |f — fy|.
Now, since T is measure preserving, for every i =0

On—ieT'du= gn-idu.

Thus £ 0 gnoieTidp=1 [, gnidp - O, since fy — fin L! by

1= n

Corollary 2.5.3. Thus we have established the L! convergence in (2.5.4).
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Now, let GN = sup,=pn On- Of course G is monotone decreasing, and since
gn — 0 a.e. (Corollary 2.5.3), we get Gy 0 a.e.. Moreover, by Corollary 2.5.2,
Go=sup,fn+f L.

For arbitrary N < n we have

1 " i — 1 i 1 i
n+1. gn—|°T—n+1 ) gn—|°T+n+l_ gn—|°T
i=0 i=0 i=n—N
1 n—N-—1 ) 1 n .
< GneT'+ — GooT".
n+1 . N n+1. 0
i=0 i=n—N

HenCEforKN=Go+Go°T+...+GOOTN
1 " ;
limsup——  gn—i°T'<(Gn)i + limsup

nooo N 1H) noeo N+1

Kn °Tn_N = (GN)| a.e.,

where (Gn)i = liMp_ e =2 i, Gn ° T' by Birkho ’s Ergodic Theorem.

n+1 i
Now (Gy )y decreases with N because Gy decreases, and

(Gnhrdu=Gndp - 0,

because Gy are non-negative uniformly bounded by G, L! and tend to 0 a.e.
Hence (Gn)1 — 0 a.e. Therefore

n

. 1 i
|Irr]TLS°Lipm _ On—ieT' >0 ae.
i=0
establishing the missing a.e. convergence in (2.5.4). &

As an immediate consequence of (2.5.2) and (2.5.3) for T ergodic, along with
fi = f, dy, we get the following:

Theorem 2.5.5 (Shannon-McMillan-Breiman, ergodic case). If T : X - X is
ergodic and A is a countable partition of finite entropy, then
.1
lim ﬁI(A”_l)(x) =hu(T,A) forae. x X

The left-hand side expression in the above equality can be viewed as a local
entropy at x. The theorem says that at a.e. x the local entropy exists and is
equal to the entropy (compare comments after (2.3.2) and Lemma 2.4.2).

2.6 Lebesgue spaces, measurable partitions
and canonical systems of conditional
measures

Let (X, F, 1) be a probability space. We consider only complete measures (prob-
abilities), such that every subset of a measurable set of measure 0 is measurable.
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If a measure is not complete we can always consider its completion, that is, to
add to F all sets A for which there exists B F with A =+ B contained in a set
in F of measure 0.

Notation 2.6.1. Consider A, an arbitrary partition of X, not necessarily count-
able nor consisting of measurable sets. We denote by A the sub c-algebra of F
consisting of those sets in F that are unions of whole elements (fibres) of A.

Note that in the case where A F, we have A o(A), the latter defined
in Notation 2.1.1, but the inclusion can be strict. For example, if A F is the
partition of X into points, then a(A) consists of all countable sets and their
complements in X, and A = F. Obviously A { , X}.

Definition 2.6.2. The partition A is called measurable if it satisfies the following
separation property.

There exists a sequence B = (Bp)a~, of subsets of A such that for any
two distinct A;, A, A there is an integer n = 1 such that either

A Bn and A, X\ Bn

or
A2 Bn and A1 X \Bn.

Since each element of the measurable partition A can be represented as an inter-
section of countably many elements B, or their complements, each element of
A is measurable. Let us stress, however, that the measurability of all elements
of A is not su cient for A to be a measurable partition (see Exercise 2.7). The
sequence B is called a basis for A.

Remark 2.6.3. A popular definition of an uncountable measurable partition A
is that there exists a sequence of finite partitions (recall that this means: finite
partitions into measurable sets) A,,n =0,1,..., such that A = E°=0 An. Here
(unlike later on) the join s in the set-theoretic sense, i.e. as {An, NAn, N+
An, An,,i = 1,...} Clearly it is equivalent to the separation property in
Definition 2.6.2.

Notice that for any measurable map T : X - X between probability mea-
sure spaces, if A is a measurable partition of X , then T~!(A) is a measurable
partition of X.

Now we pass to a very useful class of probability spaces: Lebesgue spaces.

Definition 2.6.4. We call a sequence B = (Bn)p2; of subsets of F the basis of
(X, F, ) if the two following conditions are satisfied:

(i) B ensures the separation property in Definition 2.6.2 for A = ¢, the
partition into points, (i.e. B is a basis for €);

(i) for any A F there exists a set C  o(B) such that C A and
H(C\A)=0.



9780521438001c02 CUP/PUK February 17, 2010 21:30 Page-38

38 Measure-preserving endomorphisms

(Recall again, Notation 2.1.1, that o(B) denotes the smallest c-algebra
containing all the sets B, B. Rokhlin used the name Borel g-algebra.)

A probability space (X, F, ) having a basis is called separable.

Now let £ = #1 and B®) = B, ife = 1 and BY = X \ B, if¢ = —1.
To any sequence of numbers €,,n = 1,2,... there corresponds the intersection

o BE). By (i) every such intersection contains no more than one point.

A probability space (X, F, ) is said to be complete with respect to a basis
B if all the intersections -, () are non-empty. The space (X, F, ) is said
to be complete (mod 0) with respect to a basis B if X can be included as a
subset of full measure into a certain measure space (X, F,[) that is complete
with respect to its own basis B = (B,) satisfying B, n X = By, for all n.

It turns out that a space that is complete (mod 0) with respect to one basis
is also complete (mod 0) with respect to every other basis.

Definition 2.6.5. A probability space (X, F, u) complete (mod 0) with respect
to one of its bases is called a Lebesgue space.

Exercise. If (Xy, F1, 1) and (Xo, F2, 1) are two probability spaces with com-
plete measures, such that X;  Xj, H2(X2\X;) =0and F; = Fa|x,, M1 = Hzl|e,
(where Falx, == {AnX;: A F3}), then the first space is Lebesgue if and only
if the second is.

Itisnotdi cult to check (see Exercise 2.9) that (X, F, 1) is a Lebesgue space
if and only if (X, F, p) is isomorphic to the unit interval (equipped with classical
Lebesgue measure) together with countably many atoms.

Theorem 2.6.6. Assume that T : X - X is a measurable injective map from
a Lebesgue space (X, F, 1) onto a separable space (X ,F , ), and pre-images of
the sets of measure O (or positive) are of measure 0 (or positive). Then the space
(X ,F ,u) is Lebesgue, and T~! is a measurable map.

Note that, in particular, a measurable, measure-preserving, injective map
between Lebesgue spaces is an isomorphism. If X = X ,F F,F =F and
(X ,F , ) is separable, then the above implies that (X, F, L) is not Lebesgue.

Now let (X, F, ) be a Lebesgue space and A be a measurable partition of
X. We say that a property holds for almost all atoms of A if and only if the
union of atoms for which it is satisfied is measurable, and of full measure. The
following fundamental theorem holds:

Theorem 2.6.7. For almost all A A there exists a Lebesgue space (A, Fa, Ha)
such that the following conditions are satisfied:

() fB F,thenBnA Fa foralmostall A A.
(2) F-measurable for all B F, where A(X) is the element of A containing Xx.
©)

n(B) = N Ha) (B 0 A(X)) dp(x). (2.6.1)
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Remark 2.6.8. One can consider the quotient (factor) space (X/A, Fa,Ha)
with X/A being defined just as A and with Fa = p(A) (see Notation 2.6.1
for the tilde), and pa(B) = p(p~'(B)), for the projection map p(x) = A(X).
It can be proved that the factor space is again a Lebesgue space. Then x -
Ha(X)(B n A(X)) is Fa-measurable, and the property (2.6.1) can be rewritten in
the form

H(B) = HA(B n A)dua(A). (2.6.2)

X/A

Remark 2.6.9. If a partition A is finite or countable, then the measures pa are
just the conditional measures given by the formulae pa(B) = p(A n B)/u(A).

Remark 2.6.10. (2.6.1) can be rewritten for every p-integrable function @, or
non-negative p-measurable @, if we allow +oo-ies, as

Qdu= Plax) dHax)  dH(X). (2.6.3)
X A(X)

This is a version of Fubini’s Theorem.

The family of measures {pua : A A} is called the canonical system of
conditional measures with respect to the partition A. It is unique (mod 0) in the
sense that any other system p, coincides with it for almost all atoms of A.

The method of construction of the system pa is via conditional expecta-
tions values with respect to the g-algebra A. Having chosen a basis (B,) of the
Lebesgue space (X, F, ), for every finite intersection

B= B (2.6.4)

one considers @g := E(1g|A), which can be treated as a function on the factor
space X/A, unique on a.e. A A, and such that forall Z A

MBnZ)= ¢s(A) dpa(A).
p(Z)

Clearly (BnnA)az; is a basis for all A. It is not hard to prove that for a.e. A, for
each B from our countable family (2.6.4), g (A) as a function of B generates a
Lebesgue space on A, with pa(B) := @g (A). Uniqueness of @g Yyields additivity.

Theorem 2.6.11. If T : X - X is a measurable map of a Lebesgue
space (X,F,) onto a Lebesgue space (X ,F ,j), then the induced map from
(X/T,Fg,1g) for T=T71(g), to (X ,F ,p) is an isomorphism.

Proof. This follows immediately from the fact that the factor space is a Lebesgue
space, and from Theorem 2.6.6. &

In what follows we consider partitions (mod 0): that is, we identify two par-
titions if they coincide, restricted to a measurable subset of full measure. For
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these classes of equivalence we use the same notation <,= as in Section 2.3.
They define a partial order. If A¢ is a family of measurable partitions of a mea-
sure space (unlike in previous sections, the family may be uncountable), then by
its product A = A; we mean the measurable partition A determined by the
following two conditions:

(i) A= A, for every 1;

(ii) if A = A, for every T and A is measurable, then A = A.

Similarly, replacing = by <, we define the intersection | A..

The product and intersection exist in a Lebesgue space (i.e. the partially
ordered structure is complete). They of course generalize the notions dealt with
in Section 2.4. Clearly, for a countable family of measurable partitions A; the
above  and the set-theoretic one coincide (the assumption that the space is
Lebesgue and the reasoning (mod 0) is not needed). In Exercise 2.13 we give
some examples.

There is a natural one-to-one correspondence between the measurable par-
titions (mod 0) of a Lebesgue space (X, F, ) and the complete o-sub-algebras
of F, that is, such o-algebras F F that the measure u restricted to F is
complete. This correspondence is defined by assigning to each A the o-algebra
F (A) of all sets that coincide (mod 0) with the sets of A (defined at the begin-
ning of this section). To operations on the measurable partitions (mod 0) there
correspond operations on the corresponding o-algebras. Namely, if A is a family
of measurable partitions (mod 0), then

F( A= F (A1), F( A= F(Aq7).

T T T T

Here _F(A:) = [ F(A¢) is the set-theoretic intersection of the o-algebras,
and | F(A¢) is the set-theoretic intersection of all the g-algebras that contain
all F(A).

For any measurable partition A and any p-integrable function ¢ : X - R
write

EFIA)X) = Flax) dHax) a.e. (2.6.5)

Note that by the definition of the canonical system of conditional mea-
sures and by the definition of conditional expectation value, for any measurable
partition A we get the identity

E(f|A) = E(F|F (A)). (2.6.6)

A sequence of measurable partitions Ay, is called (monotone) increasing or
ascending if for all n; < ny we have A, < Ay, . Itis called (monotone) decreasing
or descending if for all n; < ny we have A, = An,.

For a monotone increasing (decreasing) sequence of measurable partitions A,
and A= _An (A= _An)wewrite A, A (or An A). In the language
of measurable partitions of a Lebesgue space, owing to (2.6.6), the Martingale
Convergence Theorem 2.1.4 can be expressed as follows:
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Theorem 2.6.12. If A, Aor A, A, then for every integrable function f,
E(flAL) - E(F|A) p as.

2.7 Rokhlin natural extension

We shall prove here the following very useful theorem:

Theorem 2.7.1. For every measure-preserving endomorphism T of a Lebesgue
space (X, F, ) there exists a Lebesgue space (X, F, ) with measure-preserving
transformations i, : X - X, n < 0 satisfying T e1t,—; = T, which is an inverse
limit of the system - - - IxZIx. 5 o

Moreover there exists an automorphism T of (X, F, ) satisfying

T © :|: =T emp (271)
for every n < 0.

Recall that in category theory [Lang, 1965, Ch. 1], for a sequence (system) of

objects and morphisms - - - Mn s On_i ... Mo Oy an object O equipped with
morphisms 1, : O - Oy is called an inverse limit if M e, = 1, and for every
other O equipped with morphisms 1, : O - Oy satisfying My ° T1,,_; = T,
there exists a unique morphism M : O - O such that 1, e M = m, for every
n<0o0.

In particular, if all O, are the same (= Oy), and additionally M; : Oy - Og
is chosen, then for 1, := Mp41 TR : O - Op, N <0 there exists M : O - O
such that mp e M = 1, = Mp4 © T, for every n. It is easy to see that M is an
automorphism.

In Theorem 2.7.1 the objects are probability spaces or probability spaces with
complete probabilities, and morphisms are measure-preserving transformations
or measure-preserving transformations up to sets of measure 0. (We have thus
multiple meanings of Theorem 2.7.1.)

Thus the first part of Theorem 2.7.1 produces T satisfying (2.7.1) automati-
cally, via the category theory definition. The automorphism T is called Rokhlin’s
natural extension of T; compare the terminology at the beginning of Section 2.2.
This is a ‘minimal’ extension of T to an automorphism.

n+1

One can consider - - - T"’_Tl Xn T Xn T_> ... inplace of - - - I x I Xforall
n Z in the statement of Theorem 2.7.1. We have chosen a simplified version
with all T, equal to T to simplify the notation, and since only such a version
will be used in this book.

In the proof of Theorem 2.7.1 we shall use the following.

Theorem 2.7.2 (Extension of Measure). Every probability measure v (o0-
additive) on an algebra G, of subsets of a set X can be uniquely extended to
a measure on the o-algebra G generated by Gg.
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This theorem can be proved with the use of the well-known Carathéodory’s
construction [Carathéodory, 1927, Ch. V]. We define the outer measure:

Ve(A) =inf{v(B): B Gy,A B}

for every A X.
We say that A is Carathéodory measurable if for every E X the outer
measure Ve satisfies

Ve(E) =Ve(E n A) + v (E\ A).

The family of these sets turns out to be a g-algebra containing Gy, and hence
containing G.

For a general definition of outer measures and a sketch of the theory see
Chapter 8.

Proof of Theorem 2.7.1. Denote N = X%-, the set theory Cartesian product of a
countable number of X’s, or more precisely the space of sequences (Xn) of points
in X indexed by non-positive integers. For each i < 0 denote by 1; : M - X the
projection to the i-th coordinate, mj((Xn)n z_) = X;j.

We start by producing the inverse limit in the set-theoretic category. Set

X ={(Xn)n z_ 1 T(Xn) = Xn11 N <0} 27.2)

The mappings T, in the statement of Theorem 2.7.1 will be the restrictions of
the m,’s defined above to X.

We shall endow I with a o-algebra Fr; and probability measure pr, whose
restrictions to X will yield the inverse limit (X, F, ). The measure p will occur
to be ‘supported’ on X.

For each n < 0 consider the g-algebra G, = 1,1 (F). Let Fyy,¢ be the smallest
algebra of subsets of I containing all o-algebras Gn. It is easy to see that F

consists of finite unions of pairwise disjoint ‘cylinders’ ?:n ni_l(Ci)), considered

for arbitrary finite sequences of sets C; F,i=n,...,0 for an arbitraryn Z_.
Define
0 0
N —(@i—n) (.
M1 o (Ci) =n T ©Ci) . (2.7.3)
i=n i=n
We extend the definition to finite unions of disjoint cylinders Ax by pr( | Ak) ==
K M (Ax).

To ensure that ppy is well defined it is su cient to prove the compatibility
condition:

o

o T (Ci) o mHC) Sy

i=n I:N<i=<0,i=j

= U i iC) nm G Cy) (2.7.4)

i:N=i=0,i=j
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for all sequences C; F,i =n,.,0and C; F disjoint from C;. Fortu-
nately (2.7.4) follows immediately from (2.7.3) and from the additivity of the
measure .

The next step is to observe that pp is o-additive on the algebra Fr . For
this end we use the assumption that (X, F, ) is a Lebesgue space.! We just
assume that X is a full Lebesgue measure subset of the unit interval [0, 1], with
classical Lebesgue measure and atoms, and the c-algebra of Lebesgue measurable
sets F: see Exercise 2.9. Now it is su cient to apply the textbook fact that for
every Lebesgue measurable set C [0,1] and € > 0 there exists a compact
set P C with p(C \ P) < ¢&. (This is also often proved by the Lebesgue
measure construction via Carathéodory’s outer measure.) Compare the notion
of regularity of measure in Section 3.1.

Consider ' endowed with the product topology, compact by Tichonov’s The-
orem. Then all m; are continuous, and for every € > 0 and for every cylinder
A= __mC;)) we can find a compact cylinder K = {__m;(P;)), with
compact P;  C;j, such that ug(A\ K) < €. This follows from the definition
(2.7.3) and the T-invariance of p.. The same immediately follows for finite unions

of cylinders.
To prove the o-additivity of p on Fro it issu cient to prove that for every
descending sequence of sets Ak Fro,i =1,2,... if

Ax = then pp(Ax) - 0. (2.7.5)
K

Suppose to the contrary that there exists € > 0 such that p(Ax) = € for every
k. For each k, consider a compact set K, Ay such that p(Ax \ Ky) < g2~k 1,
Thenall Ly, := E‘Zl Kk are non-empty, since prr(Lm) = €/2. Hence E’Zl Ax
v Lk = as (L)p2, is a descending family of non-empty compact sets. Thus

we have proved that py; is o-additive on Fpy .

The measure py; extends to o-additive measure on a g-algebra generated by
Fr,o by Theorem 2.7.2. Set this extension to be our (1, Fr, pr).

Now we shall prove that the set M\X is MU-measurable, and that pnjﬂ\)Z) =
0. To this end we shall take care that the compact sets K = K lie in X. Denote

XM ={(xi)i z_ 1 T(Xi) =%i1 Nn<i<0}. (2.7.6)

Let us recall that A = __m;!(C;)). Note that m; (T (=™ (C;)) n X"

i=n
n~1(C;), but they have the same measure Ly, by the formula (2.7.3). Let P, be
a compact subset of C, := |_, T~(="(C;) such that pr(C, \ Pn) < € and

" i=
TJ restricted to P, is continuous for all j = 1,...,n. This is possible by Luzin’s
Theorem. )

Then all TI(P,,) are compact sets, and in particular are p-measurable. Hence

each Qn = 0 1 (T7"(Pn)) belongs to Fro, and in particular it is -

i=n i

measurable. It is contained in X", but need not be contained in X. To cope with

1This is a substantial assumption, overlooked by some authors: see the Bibliographical notes
at the end of this chapter.
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this problem, express A as Ay = ?:N m; '(Cy)) for N arbitrarily large, setting

Ci=X fori:N <i<n. Then find Qy for Ay and &, = €27N~1 and finally
set Q = Q- The set Q is ug-measurable (even compact), contained in X and
un(A\Q) <. N

For A =TT we conclude with p-measurable Q X with up(M\ Q) < ¢, for
an arbitrary € > 0. Hence ug(NM\ X =0.

Note that the measure pr; is complete (i.e. all subsets of measurable sets of
measure 0 are measurable) by Carathéodory’s construction. Now we prove that
it is a Lebesgue space. Let B = (B));2, be a basis of (X, F, ). Then clearly the
family By := {n;1(B)) : | = 1,n < 0} is a basis of the partition € in M. The
family By generates the o-algebra Fy in the sense of Definition 2.6.4(ii)), because
B generates F in this sense, and by Carathéodory’s outer measure construction.
The probability space (M, F, k) is complete with respect to By since (X, F, W)
is complete with respect to B, and by the Cartesian product definition.

Finally, let us restrict all the objects to X. In particular, F = ={An X :A
Fr}, [l is the restriction of py to F,and B := {Bn X :B Br}. The resulting
probability space (X, F, fI) is complete (mod 0) with respect to B. Therefore it is
a Lebesgue space (see Definition 2.6.5): the extension required by the definition
is just (M, Fr, Y) with the basis Byy.

Suppose (X ,F , ) is any Lebesgue measure space, with measure-preserving
transformations m,, : X - X,n < 0 satisfying T e m,_; = m,. Then define
M:X - X by

M) = (o T (X)), TR (X ), s T (X)) 2.7.7)

We get 1, © M = 1, by definition. We leave the proof of the measurability of M
to the reader.

The uniqueness of M follows from the fact that if M(X) = (...Yn,...,Y0)
fory; X, then from mn, oM =1, p-a.e., we get y, = m,(X) a.e. &

Remark 2.7.3. X can be interpreted as the space of all backward trajectories
for T. The map T : X - X can be defined by the formula

1?((Xn)n z_) = (..., X=2,X=1,Xg, T (Xq))- (2.7.8)

X could be defined in (2.7.2) as the space of full trajectories {(Xn)n z;T (Xn) =
Xnt1}- Then (2.7.8) is the shift to the left.

The formula (2.7.8) holds because T, defined by it, satisfies (2.7.1), and
because of the uniqueness of maps T satisfying (2.7.1)

Remark 2.7.4. Alternatively, to compact sets in X" we could find foralln <0
sets Enj X7, with fin(En i\ X") - 0asi - oo, which are unions of cylinders
9 ~1(Cy). This agrees with the following general fact:

i=—n

If a sequence of sets > generates a o-algebra G with a measure v on it (see
Definition 2.6.4(ii)), then for every A G there exists C A with v(C\A) =0
such that C X, 5: that is, C is a countable intersection of countable unions of
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finite intersections of sets belonging to > or their complements. Exercise: Prove
this general fact, using Carathéodory’s outer measure constructed on measurable
sets.

Remark 2.7.5. Another way to prove Theorem 2.7.1 is to construct F and [V
on X already at the beginning. One also defines {I by the formula (2.7.3).

More specifically, for the maps 1, restricted now to X, consider G, = L (F).
Note that thls is an ascending sequence of o-algebras with growing |n|, because
M l(A) = mt (T7Y(A)) for every A F. Write Fy = |, _,Gn. This is an
algebra. For every A F and n < 0 define fi(m,1(A)) := p(A). This is well
defined, because if C = m 1(A;) = n,'(As) for A;,A, F and n < m, then
A, =T~ (M M(A,). Since T preserves |, we have p(A;) = H(Az). This measure
is g-additive on the algebra F(, since we managed to approximate ‘from below’
each of its elements by a compact set: see the proof of Theorem 2.7.1. Hence we
find F and {T on X by Carathéodory’s theory.

Unfortunately, the measure space (X,F,{I) is usually not complete with
respect to the basis B, constructed in the proof of Theorem 2.7.1. To make
it complete (mod 0) we need to extend it, and the only way we know how to
acomplish this is to construct the space (1, F, Ur).

We end this section with another version of Theorem 2.7.1. First the following
definition:

Definition 2.7.6. Suppose that T is an automorphism of a Lebesgue space

(X,F, ). Let ¢ be a measurable partition. Assume it is forward invariant: that

is, T(Q) = ¢, or equivalently T~!(2) < T. Then T is said to be exhausting if
n=oT"(0) =&

Theorem 2.7.7. For every measure-preserving endomorphism T of a Lebesgue
space (X, F, 1) there exist a Lebesgue space (X F , f), its automorphism T,anda
forward invariant for T exhausting measurable partition ¢, such that (X, F W) =
(X/Z FZ {i7Q) the factor space (cf. Remark 2.6.8), and T is a factor of T, that
is, Tep=p-e o T for the projection p: X - X.

Proof. Take (X F, f) and T from Theorem 2.7.1. Set ¢ = no_l(s) By (2.7.1)
and T~1(e) < e we get T1()) < L. ~ ~
Ife = -, T"(Q) is not the partition of X into points, then T/¢ is an
automorphism of ()Z/s ,Fe , A& ). Moreover, if we denote by p the projection
from X to X/g, then we can write M, = m, o p for some maps m,, for every
n < 0. By the definition of inverse limit, p has an inverse, which is impossible.
The last part, that | _, T"({) is the partition of X into points, has also

an immediate proof following directly from the form of X in (2.7.2). Indeed,
for n = 0 the element of T"({) containing X = (..., X—2,X—1,Xo) is the n-th
image of the element of { containing T~"(X) i.e. containing (..., X—n—1,X—n).
Soitisequal to {(...,X_n_1,X_p:---,Xg) X IX_, = X—pn)}. Intersecting over
n - oo, we obtain {X}. &
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2.8 Generalized entropy; convergence
theorems

This section contains generalizations of entropy notions (introduced in
Section 2.3) to the case of all measurable partitions. The triple (X,F,p) is
assumed to be a Lebesgue space.

Definition 2.8.1. If A is a measurable partition of X, then its (generalized)
entropy is defined as follows:

H(A) = oo if A is not a countable partition (mod 0);
H(A) = A A—M(A)logpu(A) if A is a countable partition (mod 0).

Lemma 2.8.2. If A, and A are measurable partitions of X and A, A, then
H(An) H(A).

Proof. Write H(A) = 1 (A)dy, where 1(A)(X) = —log u(A(x)) is the informa-
tion function (compare Section 2.4). We set log0 = —oo: hence 1(A)(X) = oo
if L(A(X)) = 0. Write the same for An. As H(AR(X))  H(A(X)) for a.e. X, the
convergence in our lemma follows from the Monotone Convergence Theorem. &

Definition 2.8.3. If A and B are two measurable partitions of X, then the
(generalized) conditional entropy H(A|B) = H.(A|B) of partition A subject to
B is defined by the following integral:

Hu(AIB)=  Hy,(AlB)dus(B), (28.1)
X/B

where AnB is the partition {AnB : A A}of B and {ug,B B} formsacanon-
ical system of conditional measures: see Section 2.7. For the integral in (2.8.1)
to be well defined we have to know that the function B - H,,(A|B), B Bis
measurable. In order to see this, choose a sequence of finite partitions A, A
(see Remark 2.6.3). Each conditional entropy function Hy, (An|B) is measurable
as a function of B in the factor space (X/B, Fg, Ug), and hence of course as a
function on (X, F, W), since it is a finite sum of measurable functions:

B - —pus(AnB)logug(AnB)forA A.

Since Ap|B A|B for a.e. B, we obtain, by using Lemma 2.8.2, that
Huz (AnlB) - Hu,(A|B). Hence H,, (AIB) is measurable, so our definition
of H.(A|B) makes sense (we allow oo’s here).

Of course, (2.8.1) can be rewritten in the form
Hig ., (AIB())) du(x), (2.8.2)
X

with H,, (A|B) understood as a constant function on each B B (compare
(2.6.1) with (2.6.2)). As in Section 2.3, we can write

H.(AIB) = 5 I(A[B) dy, (2.8.3)
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where 1 (A|B) is the conditional information function:

I(AIB)(X) := —log g x) (A(X) n B(X)).

Indeed, 1(A|B) is non-negative and p-measurable as being equal to limg_ o
1 (An|B) (a.e.), so (2.8.3) follows from (2.6.3).

Lemma 2.8.4. If {A,:n=1} and A are measurable partitions, A, A and
H(A;) < oo, then H(AL) H(A).

Proof. The proof is similar to the proof of Lemma 2.8.2. &

Theorem 2.8.5. If A,B are measurable partitions and {A, : n = 1} is an
ascending (descending and H(A;|B) < oo) sequence of measurable partitions
converging to A, then

nlin;o H(An|B) = H(A|B) (2.8.4)

and the convergence is respectively monotone.

Proof. Applying Lemmas 2.8.2 and 2.8.4 we get the monotone convergence
Hus (AnlB) - Hu,(A|B) for almost all B X/B. Thus the integrals in the
Definition 2.8.3 converge by the Monotone Convergence Theorem. *

Theorem 2.8.6. If A,B are measurable partitions and {B, : h = 1} is a
descending (ascending and H(A|B;) < oo) sequence of measurable partitions
converging to B, then

nIin:n><> H(A|Bn) = H(AIB) (2.8.5)

and the convergence is respectively monotone.

Proof 1. Assume first that A is finite (or countable with finite entropy). Then
the a.e. convergence | (A|Bn) - 1 (A|B) follows from the Martingale Convergence
Theorem (more precisely from Theorem 2.6.12), applied to f = 1A, the indicator
functions of A A.

Now it is su cient to prove that sup, I(A|B,) L! in order to use the
Dominated Convergence Theorem (compare Corollary 2.5.3) and (2.8.3)). One
can repeat the proofs of Lemma 2.5.1 (for ascending By,) and Corollary 2.5.2.

The monotonicity of the sequence H(A|B) relies on Theorem 2.3.1(d). How-
ever, for infinite B, one needs to approximate By, by finite (or finite entropy)
partitions. For details see [Rokhlin 1967, Sec. 5.12].

For A measurable, represent A as limj _ .. Aj for an ascending sequence of
finite partitions Aj,j = 1,2,...; then refer to Theorem 2.8.5. In the case of a
descending sequence B, the proof is straightforward. In the case of ascending B,
use

H(A[Bn)—H(AjIBn) = H(AI(A; Bn)) = H(A|(Aj Bi1)) = H(AIB1)—H(A;[B)).

This implies that the convergence as j — oo is uniform with respect to n: hence
in the limit H(A|B,) - H(A|B). &
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Proof 2. For A finite (or countable with finite entropy) there is a simpler way
to prove (2.8.5). By Theorem 2.1.4, for every A A, the sequence E(LLa|F (Bn))
converges to E(La|F (B)) in L2 Hence, for every A A, the sequence g, ) (AN
Bn (X)) converges to Ug x) (A n B(X)) in measure p. By continuity of the function
k(t) = —tlogt (compare Section 2.3), this implies the convergence

K(HB,, 00 (A 0 Bn(X))) ~ K(Hs(x) (A n B(X)))

in measure P (we do not assume X A here). Summing over all A A we
obtain the convergence Hy,, ., (A|Bn(X)) - Hygx)(AIB(X)) in measure . These
functions are uniformly bounded by log#A ( or by H(A) ) and non-negative:
hence we get the convergence in L' and in consequence, owing to (2.8.2), we
obtain (2.8.5). (Note that we have not used the a.e. convergence coming from
Theorem 2.1.4, but only the convergence in L2, which has been proved there.) &

Observe that we can now rewrite the definition of the entropy h, (T, A) from
Section 2.5 as follows:

hu(T,A) =H(AJA™), where A™ = " T "(A). (2.8.6)

n=1

A countable partition B is called a countable (one-sided) generator for an
endomorphism of a Lebesgue space if B™ €. Because of Theorem 2.8.6
we obtain the following facts, useful for computing the entropy for concrete
examples.

Theorem 2.8.7. (a) If By, is a sequence of finite partitions of a Lebesgue
space, such that By, g, then, for any endomorphism T : X - X, h(T) =
liMm_ o (T, Bm).

(b) If B is a countable one-sided generator with finite entropy for an
endomorphism T of a Lebesgue space, then h(T) = h(T, B).

Proof. By Theorem 2.8.6 for every finite partition A we have limy, _, oo H(A|Bm) =
H(AJe) = 0. Hence, in view of Theorem 2.4.5, h(T) = limmy _ oo h(T,Bm). This
proves (a). Theorem 2.4.5, together with the definition of a generator, also
proves (b). &

Remark 2.8.8. For T being an automorphism, one considers two-sided
countable (and in particular finite) generators, i.e. partitions of B for which

n—o T"(B) = &. Then, as in the one-sided case, finiteness of H(B) implies
that h(T) = h(T, B).

Remark 2.8.9. In both Theorem 2.8.6 and Theorem 2.8.7(a), the assump-
tion of monotonicity of By, can be weakened. Assume, for example, that
A is finite and B, — ¢, in the sense that for every measurable set Y,
E(1y |Bm) —» Ly in measure, as in Remark 2.1.5. Then H(A|Bmn) - 0: hence
h(T) = limm _ oo H(T, Bm).
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Indeed, for H(A|Bm) — O just repeat Proof 2 of Theorem 2.8.6. The con-
vergence in measure [ of U () (A N Bn(X))) t0 Py (A n €(X))) means that
E(1A|Bn) — 1a, Which has just been assumed.

Corollary 2.8.10. Assume that X is a compact metric space, and that F is the
o-algebra of Borel sets (generated by open sets). If supg g diam(B) - 0 as
m - oo, then h(T) = limmy, _, o H(T,Bm).

Proof. It is su cient to check E(1a|Bm) —» 1a in measure. First note that for
every & > 0 there exist an open set U and a closed set K suchthat K A U
and p(U \ K) = 6. This property is called the regularity of our measure L,
and is true for every finite measure on the o-algebra of Borel sets of a metric
space (compactness is not needed here). This can be proved by Carathéodory’s
argument: compare the proof of Theorem 2.1.4. That is, we construct the outer
measure with the help of open sets, as in the sketch of the proof of Theorem 2.7.2
(where we used Ggy), and we notice that since each closed set is an intersection
of a descending sequence of open sets, we shall have the same outer measure if,
in the construction of the outer measure, we use the algebra generated by open
sets. Now we can refer to Theorem 2.7.2.

Now, owing to the compactness of X, and hence K, for m large enough the
set A .= {B Bm:BnK = } contains K and is contained in U: hence
H(A + A) < &. This implies that

|E(La|Bm) — Laldp = E(Wa|Bm) dp
X X\(AUA )

+ |E(La|Bm) — La|dp + Ia— E(La|Bm)dp

A+A ANA

< mu(X\(AUA')Hé

_HANA)
1(A’)

vV vV
Hence p{x : |[E(1a|Bm) —Lal= 3} =< 3. &

+ 1 u(AnN A’ < 36.

For a simpler proof, omitting Theorem 2.8.6, see Exercise 2.18.

We end this section with the ergodic decomposition theorem and the ade-
quate entropy formula. Compare this with the Choquet Representation Theorem:
Theorem 3.1.11 and Theorem 3.1.13.

Let T be a measure-preserving endomorphism of a Lebesgue space. A measur-
able partition A is said to be T-invariant if T(A) A for almost every A A,
The induced map Ta = T|a : A - A is a measurable endomorphism of the
Lebesgue space (A, Fa, Ha). One calls Tao a component of T.

Theorem 2.8.11. (a) There exists a finest measurable partition A (mod 0) into
T-invariant sets (called the ergodic decomposition). Almost all of its components
are ergodic.

(®) h(T)= A h(TA)dHA(A).
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Proof. Part (a) will not be proved. Let us mention only that the ergodic decom-
position partition corresponds (see Section 2.6) to the completion of 1, the
o-subalgebra of F consisting of T invariant sets in F (compare Theorem 2.2.5).

To prove part (b) notice that for every T-invariant measurable partition A,
for every finite partition & and almost every A A, writing &a for the partition
{snA:s &}, we obtain

h(Ta.éa) = HEalEA) = R I (alén) dua.

Notice next that the latter information function is equal a.e. to I1,(§|§~ A)
restricted to A. Hence

h(Ta) dua(A) = dua 1, Gal€s) dua
A A

X/ X/7A

= Xlu(EIE_ A)du=H(EE™  A) =h(T, ).

The latter equality follows from an approximation of A by finite T-invariant
partitionsn A and from

HEE m=HE nle 1= lim THE "

o1 n .1 L
= lim —HE" n) = lim —HE) =H(T. ).
Now let &, be a sequence of finite partitions such that &; €. Then

h(T.&)  h(T) and h(Ta,(En)a)  h(TA). SO h(T.&) = A h(Ta.&n)
dpa(A), and the Lebesgue Monotone Convergence Theorem proves (b) &

2.9 Countable-to-one maps, Jacobian and
entropy of endomorphisms

We start with a formulation of

Theorem 2.9.1 (Rokhlin’s fundamental theorem of cross-sections). Suppose
that A and B are two measurable partitions of a Lebesgue space (X, F, ) such
that A n B (see Definition 2.8.3) is countable (mod 0 with respect to ug) for
almost every B B. Then there exists a countable partition y = {yi,Ys, ...} of
X (mod 0) such that each y; vy intersects almost every B at not more than
one point, which is then an atom of pg: in particular,

A B=y B (modDO0).

Furthermore, if H(A|B) < oo, then y can be chosen so that

H(y) <H(A|B) +3 H(A|B) < oo,
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Definition 2.9.2. Let (X,F,) be a Lebesgue space. Let T : X - X be
a measurable endomorphism. We say that T is essentially countable to one if
the measures pa of a canonical system of conditional measures for the partition
A :=T71(g) are purely atomic (mod 0 with respect to pa), for almost all A A.

Lemma 2.9.3. If T is essentially countable to one and preserves L, then there
exists a measurable set Y X of full measure such that T(Y) Y, and:

1. T7Y(X) n Y is countable for every x Y, i.e. T|y is countable to one.
Moreover, for almost every x Y, T~ Y(X) nY consists only of atoms of the
conditional measure pr—1(x);

2. T(B) is measurable if B Y is measurable;

3. T|y is forward quasi-invariant: that is, u(B) = 0 for B Y implies

H(T(B)) = 0.

Proof. Let Y be the union of atoms mentioned in Definition 2.9.2. We can
write, because of Theorem 2.9.1, Y = ;yj, so Y is measurable. Set Y =

oo T7"(Y ). Denote the partition T~!(¢) in Y by Z. Property 1 follows from
the construction. To prove 2 we use the fact that (Y/, F¢, z) is a Lebesgue
space and the factor map Tz : Yz — X is an automorphism (Th. 2.6.11). So, for
measurable B Y, the set

{A T:uaBnA=0}={A Z:AnB=} (2.9.1)

is measurable by Theorem 2.6.7(2), and therefore its image under T¢, equal to
T(B), is measurable. If p(B) = 0, then the set in (2.9.1) has measure |z equal to
0: hence, as T¢ is an isomorphism, we obtain the result that T (B) is measurable
and of measure 0. &

The key property in the above proof is the equality (2.9.1). Without assuming
that pa are purely atomic there could exist B of measure 0 with C := {A (:
Ha(B n A) = 0} not measurable in F.

To have such a situation, just consider a non-measurable C Y /. Consider
the disjoint union D := C Y and denote the embedded C by C . Finally, defining
measure on D, put 4(C ) = 0 and p on the embedded Y. Define T(c) = T(c)
for C c and c being the image of ¢ under the above-mentioned embedding.
Thus C is measurable, of measure 0, whereas T (C ) is not measurable, because
C is not measurable and Tz is an isomorphism.

Definition 2.9.4. Let (X, F, ) and (X ,F , 1) be probability measure spaces.
Let T : X - X be a measurable homomorphism. We say that a real, non-
negative, measurable function J is a weak Jacobian if there exists E of measure
0 such that for every measurable A X \E on which T is injective, the set T (A)
is measurable and p(T(A)) = , Jdu. We say J is a strong Jacobian, or just a
Jacobian, if the above holds without assuming A X \E.

We say that T is forward quasi-invariant if (L(A) = 0) (1 (TA) =0).
Notice that, if T is forward quasi-invariant, then automatically a weak Jacobian
is a strong Jacobian.
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Proposition 2.9.5. Let (X,F,) be a Lebesgue space and T : X - X be
a measurable, essentially countable to one, endomorphism. Then there exists a
weak Jacobian J = J,,. It is unique (mod 0). For T restricted to Y (Lemma 2.9.3)
J is a strong Jacobian.

Proof. Consider the partition y = {y1,VY2,...} given by Theorem 2.9.1 with
A =¢and B =T7!(g). Then for each j the map Tly,ny is injective. Moreover,
by Lemma 2.9.3, T|y,ny maps measurable sets onto measurable sets and is for-
ward quasi-invariant. Therefore J exists on each y; n Y by the Radon-Nikodym
theorem.

By the presentation of each A Y as Jf“;lA nyj the function J satisfies
the assertion of the proposition. The uniqueness follows from the uniqueness of
the Jacobian in the Radon-Nikodym theorem on each yj n'Y. &

Theorem 2.9.6. Let (X,F,v) be a Lebesgue space. Let T : X - X be a v-
preserving endomorphism, essentially countable to one. Then its Jacobian J,,
strong on Y defined in Lemma 2.9.3, and weak on X, has logarithm egual to
I, (g|T ~1(€)). (We do not need to assume here that T(Y) Y. I stands for the
information function: see Sections 2.4 and 2.8.)

Proof. Consider T already restrictedtoY.LetZ Y bean arbitrary measurable
set such that T is one-to-one on it. For eachy Y denote by A(y) the element
of { = T~1(¢) containing y. We obtain

VT(@Z) =v T ' T@) = 1dv(y)
T-1 T(2)

= LZ2(X) Vay){X}) dvay)(X) dv(y)
T-1 T(2) Ally)

: Az/VaylyDdv(y) = Z(l/VA(y){y}) dv(y).

Tl T(Z

Therefore J,(y) = 1/vay){y}), and its logarithm is equal to I, (g|T ~*(€))(y).
&

Theorem 2.9.6 gives rise to the so-called Rokhlin entropy formula:

Theorem 2.9.7. Let (X, F, 1) be a Lebesgue space. Let T : X — X be a measure
M-preserving endomorphism, essentially countable to one. Suppose that on each
component A of the ergodic decomposition (cf. Theorem 2.8.11) the restriction
Ta has a countable one-sided generator of finite entropy. Then

hu(M =HuETT @) = LET(@)du= logJ,dp.

Proof. The third equality follows from Theorem 2.9.6; the second equality is the
definition of the conditional entropy: see Sec. 2.8. To prove the first equality we
can assume, owing to Theorem 2.8.11, that T is ergodic. Then, for ¢, a countable
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one-sided generator of finite entropy, with the use of Theorems 2.8.5 and 2.8.7(b),
we obtain

H(e[T ™ (e)) = H(elZ™) = lim H("|ZT) = HEIZ™) = h(T, Q) = h(T).
*

Remark. The existence of a countable one-sided generator, without demanding
finite entropy, is a general, and not very di cult, fact. That is, the following
holds:

Theorem 2.9.8. Let (X,F,) be a Lebesgue space. Let T : X - X be a
M-preserving aperiodic endomorphism, essentially countable to one. Then there
exists a countable one-sided generator, that is, a countable partition { such that
¢ (¢ =¢ (mod0).

Aperiodic means that there exists no B of positive measure and a positive
integer n so that T"|g = id. For the proof see [Rokhlin, 1967, Sec. 10.12-13] or
[Parry 1969]. To construct  one uses the partition y ascribed to € and T ~1(g)
according to Theorem 2.9.1 and the so-called Rokhlin towers.

The existence of a one-sided generator with finite entropy is in fact equivalent
to H(gle™) = h(T) < oo. The proof of the implication to the right is contained
in the proof of Theorem 2.9.7. The reverse implication (the construction of the
partition) is not easy: it uses in particular the estimate in Theorem 2.9.1.

The existence of a one-sided generator with finite entropy is a strong property.
It may fail even for exact endomorphisms: see Section 2.10 and Exercise 2.22.
Nor does its existence imply exactness (Exercise 2.22). On the contrary, for
automorphisms, two-sided generators, even finite, always exist, provided the map
is aperiodic.

2.10 Mixing properties

In this section we examine briefly some mixing properties of a measure-preserving
endomorphism that are stronger than ergodicity. A measure-preserving endomor-
phism is said to be weakly mixing if and only if for every two measurable sets A
and B

n—1

Jim = (T (B) 0 A) — WAWE)] =0
i=0

To see that a weakly mixing transformation is ergodic, suppose that T~(B) = B.
Then T~K(B) = B for all k =0, and consequently for every n,

n—1

% Iu(T 1 (B) n B) — u(B)K(B)| = [u(B) — u(B)*| - 0.
j=0

Thus u(B) — u(B)? = 0, and therefore u(B) =0 or 1.
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A measure-preserving endomorphism is said to be mixing if and only if for
every two measurable sets A and B

Jim p(T7"(B) n A) — W(A)U(B) = 0.

Clearly, every mixing transformation is weakly mixing. The property equivalent
to the mixing property is the following: for all square integrable functions f
and g,

lim  fgeT™du= fdu gdu

Indeed, the former property follows from the latter if we substitute the indicator
functions 1L, g in place of f, g respectively. To prove the opposite implication,
note that with the help of the Holder inequality it is su cient to restrict our
considerations to simple functions f = ;a;1a, and g = jai La,, where (Aj)
and (Bj) are arbitrary finite partitions. Then

f(@-TMdu— fdp gdp

= aibj(u(Ai n T7(B;j)) — H(ADK(B;)) - 0
i.j

because every summand converges to 0 as n — oo,

In the sequel we shall also deal with stronger mixing properties. An endo-
morphism is called K-mixing if, for every measurable set A and every finite
partition A,

lim sup WA nB)—pAUB)|=0.

=B FAY)

Recall that F (Ay’) for n = 0 means the complete o-algebra assigned to the par-

tition AZ® = j:nT_J' (A). The following theorem provides us with alternative
definitions of the K-mixing property in the case when T is an automorphism.

Theorem 2.10.1. Let (X,F, ) be a Lebesgue space and T : X - X be its
measure-preserving automorphism. Then the following conditions are equivalent:
(a) T is K-mixing.

(b) For every finite partition A Tail(A) =
trivial partition v = {X} (mod 0).

(c) For every finite partition A = v, hy(T,A) > 0 (T has completely positive
entropy).

(d) There exists a forward invariant exhausting measurable partition a (i.e.
satisfying T™!(0) < a, T"(a)  &: see Definition 2.6.4) such that T~"(a) .

[ee] (o]
n=0 k=n

TK(A) is equal to the

The property Tail(A) = v is a version of the 0-1 Law. An automorphism
satisfying (d) is usually called a K-automorphism. The symbol K comes from
the name Kolmogorov. Each partition satisfying the properties of a in (d) is
called a K-partition.
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Remark. The properties (a)—(c) make sense for endomorphisms, and they are
equivalent (proofs are the same as for automorphisms). Moreover, they hold for
an endomorphism if and only if they hold for its natural extension.

Proof. (a part of) To show the reader what Theorem 2.10.1 is about, let us prove
some implications:

(@) (b) Let A F(Tail(A)) for a finite partition A. Then, for every n =0,
A F( o, T7%A)). Hence, by K-mixing, u(A n A) — p(A)u(A) = 0, and
therefore u(A) =0 or 1.

(b) (c) Suppose (b) and assume h(T,A) = 0 for a finite partition A. Then
H(AJA™) = 0: hence 1(AJA™) =0 a.s. (see Section 2.8): hence A < A™. Thus

T%A)= T7KA) and TKA)= T7KA)
k=0 k=1 k=m k=n
foreverym,n=0.Sov= [, 2 T KA = 2, T A=A SoA=Vv,
the trivial partition. Thus for every non-trivial partition A we have h(T,A) > 0.
(b) (d) (in the case where there exists a finite two-sided generator B, mean-
ing that T"(B) =¢€). Notethata= T;52,T "(B) is exhausting. &

n=—oco

Let us finish this section with the following useful definition:

Definition 2.10.2. A measure-preserving endomorphism is said to be exact if

" T ") =v.

n=0
(Recall that € is the partition into points, and v is the trivial partition {X}.)

Exercise. Prove that exactness is equivalent to the property that P (T"(A)) -
1 for every A of positive measure ([ is the outer measure generated by p), or
to the property that u(T"(A)) - 1 provided pu(A) > 0 and the sets T"(A) are
measurable.

The property of being exact implies the natural extension to be a
K-automorphism (in Theorem 2.10.1(d) set for a the lift of €). The converse
is of course false. The automorphisms of spaces that are not one-atom spaces are
not exact. Observe, however, that if T is an automorphism and o is a mea-
surable partition satisfying (d), then the factor mapping of T/a on X/a is
exact.

Exercise. Prove that T is the natural extension of T/a.

Recall finally (Section 2.9) that, even for exact endomorphisms, h(e|T ~1(g))
can be strictly less than h(T).
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2.11 Probability laws and Bernoulli property

Let (X,F, ) be a probability space and, whenever it is needed, a Lebesgue
space, and let T : X - X be an endomorphism that preserves pu. Let f and g be
real-valued square-integrable functions on X. For every positive integer n, the
n-th correlation of the pair f, g, is the number

Ch(f,g):= f-(geTMdu— fdu gdu.

provided the above integrals exist. Note that owing to the T-invariance of p we
can also write

Cn(f,g)= (F—Ef) @—EQ-T" dy,

where Ef = fduand Eg = gdu.
Keep g : X - R a square-integrable function. The limit

n—1

N 2
0?2 =0%@) = lim = geTd —nEg du (2.11.1)

n-oo N

[EEN

j=0

is called the asymptotic variance or dispersion of g, provided it exists. Write
0o = g — Eg. Then we can rewrite the above formula as

1 n—1 9
0% = lim - goeTJ  du. (2.11.2)

n- i
1=0

Another useful expression for the asymptotic variance is the following:

oo

0’(@) = ggdu+2 9o - (9o  T¥) dp. (2.11.3)

i=t

The convergence of the series of correlations Cn(g,g) in (2.11.3) easily implies
that o2(g) from this formula is equal to o2, defined in (2.11.1): compare the
computation in the proof of Theorem 2.11.3 later on.

We say that the Law of Iterated Logarithm, LIL, holds for g if o2(g) exists
(i.e. the above series converges) and

{y0°Ti—nEg  V__
limsup A = 202 p- almost surely. (2.11.4)
n-oo nloglogn

p almost surely (a.s.) means p almost everywhere (a.e.). This is the language of
probability theory.

We say that the Central Limit Theorem, CLT, holds, if for all r R, in the
case 02 =0,

n—1 i
r o Tl —nE r
i=0 9 M g <r - —'\L e t/20% dt, (2.11.5)

X X —
H n 0 2N —oo
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and in the case 62 = 0 the convergence holds for r = 0 with 0 on the right-hand
side for r <0 and 1 for r > 0.

The LIL and CLT for g2 = 0 are often, and this is the case in Theorem 2.11.1
below, a consequence of the Almost Sure Invariance Principle, ASIP, which says
that the sequence of random variables g, g T, g o T2, centred at the expectation
value (that is, if Eg = 0), is approximated by the rate n'/2—¢ with some € > 0,
depending on & in Theorem 2.11.1 below, by a martingale di erence sequence
and a respective Brownian motion.

Theorem 2.11.1. Let (X, F, ) be a probability space and T an endomorphism-
preserving . Let G F be a o-algebra. Write Gf}, := . T7I(G) (notation
from Section 2.6) for all m < n < oo, and suppose that the following property,
called @-mixing, holds:

There exists a sequence @(n),n =0, 1,... of positive numbers satisfying

oo

9'/2(n) < oo, (2.11.6)

n=1

such that for every A G{" and B G7°, 0 =m <n, we have

[MCA 0 B) = HAIU(B)| = @(n — m)u(A). (2.11.7)

Now consider a G3° measurable function g : X - R such that
[g]?*® dp < o for some 3 > 0,
and that for alln=1
lh—EMh|GNHI>P)du<Kn™s, for K >0, s>0 large enough. (2.11.8)

(A concrete formula for s, depending on 93, can be given.)
Then g satisfies CLT and LIL.

v_
LIL for 62 = 0 is a special case, for y(n) = 2loglogn, of the following
property for a square integrable function g : X - R for which o2 exists, provided
g du = 0: for every real positive non-decreasing function y:

n v
V] X X: g(TI(x)) = y(n) o2n for infinitely many n =0orl
j=0

according to whether the integral 1°° @ exp(—%qﬂ(t)) dt converges or diverges.

As we have already remarked, this theorem, for 62 = 0, is a consequence of
the ASIP and similar conclusions for standard Brownian motion. We do not give
the proofs here. For the ASIP and further references see [Philipp & Stout, 1975,
Chapters 4 and 7]. Let us discuss only the existence of 2. This follows from the
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following consequence of (2.11.7): for a, B square integrable real-valued functions
on X, a measurable with respect to G{" and B measurable with respect to G7°,
we have

(aBdu— EaEBR) du <2(e(n—m)’2 a 5 B ». (2.11.9)

The proof of this inequality is not di cult, but is tricky, with the use of the
Holder inequality: see [Ibragimov 1962] or [Billingsley 1968]. It is su cient to
work with simple functions a = ; ajlla,,B = i@ LA, for finite partitions
(Aj) and (B;j), as in dealing with mixing properties in Section 2.10. Note that if
instead of (2.11.7) we have the stronger

IH(A n B) — W(AU(B)| = o(n —m)u(A)U(B), (2.11.10)

as will be the case in Chapter 5, then we very easily obtain in (2.11.9) the estimate
by o(n—m) a ; B 1, by the same computation as for mixing in Section 2.10.
We may assume that g is centred at the expectation value. Write g = kp+r, =

E(9l6!™?) + (g — E(gl6[™?). We have
9@-TMd = kn(kn>T™Mdu +  kn(rn o T")dp

+ (ke e T™dp +  ra(rn e T d

<2((n—[/2))"? kn 5+2 Kn 2 Tn 2+ Tn 3
< 2(p(n — [n/2]))*? kn 2+ 2K[n/2]"S kn o + K[n/2]7%,

the first summand estimated according to (2.11.9). For s > 1 we thus obtain
convergence of the series of correlations.

Let us go back to the discussion of the @-mixing property. If G is associated to
a finite partition that is a one-sided generator, @-mixing with ¢(n) - 0asn — oo
(that is, weaker than (2.11.6)), implies K-mixing (see Section 2.10). Indeed, B
is the same in both definitions, whereas A in K-mixing can be approximated by
sets belonging to G{". We leave the details to the reader.

Intuitively, both notions mean that any event B in the remote future weakly
depends on the present state A: that is, |u(B) — u(B|A)]| is small.

In applications G will be usually associated to a finite or countable partition.

In Theorems 2.11.1 the case 62 = 0 is easy. It relies on Theorem 2.11.3 below.
Let us first introduce the following fundamental definition:

Definition 2.11.2. Two functions f,g : X - R (or C) are said to be co-
homologous in a space K of real (or complex) -valued functions on X (or f is
said to be co-homologous to g), if there exists h K such that

f—g=hoT —h. (2.11.11)

If £, g are defined mod 0, then (2.11.11) is understood a.s. This formula is called
a cohomology equation.
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Theorem 2.11.3. Let f be a square integrable function on a probability space
(X, F, W), centred at the expectation value. Assume that

n| f.(foT")dy| < oo. (2.11.12)

n=0

Then the following three conditions are equivalent:

(@) o%(f)=0;

(b) All the sums S, = S, f = ;’;& T o TJ have the norm in L? (the space
square integrable functions) bounded by the same constant;

(c) f is co-homologous to 0 in the space H = L2.

Proof. The implication (c) (a) follows immediately from (2.11.1) after substi-
tuting f = h~T —h. Let us prove () (b). Write C; for the correlations
f - (FoT))dy,j=0,1,.... Then

n
ISnPdu=nCi+2 (n—j)C;
j=1
oo oo n
=n C:+2 C; —2n Ci—2 j-Ci=nc®>—1I,—1l,.
j=1 j=n+1 j=1

Since I, — 0 and 11, stays bounded as n - oo and 62 = 0, we deduce that all
the sums S, are uniformly bounded in L2.

(b) (c): f =heT—hforany h, alimit in the weak topology, of the sequence
%Sn bounded in L2(u). We leave this easy computation to the reader. (This
computation will be given in detail in the similar situation of the Bogolyubov-
Krylov Theorem, in Remark 3.1.14.) &

Now Theorem 2.11.1 for 2 = 0 follows from (c), which gives J”:_Ol foTl=
h o T" — h, with the use of the Borel-Cantelli lemma.

Remark. Theorem 2.11.1 in the two-sided case: where g depends on G; = TJ(G)
forj=...,-1,0,1,... for an automorphism T, also holds. In (2.11.8) one should
replace G§' by G,..

Given two finite partitions A and B of a probability space and € = 0, we
say that B is e-independent of A if there is a subfamily A A such that
M( A)>1—c¢,andforevery A A

H(ANnB)

B u(B) <e. (2.11.13)
B B

Given an ergodic measure-preserving endomorphism T : X - X of a
Lebesgue space, a finite partition A is called weakly Bernoulli (abbr. WB) if
for every € > 0 there is an N = N(g) such that the partition >__ T I(A) is

- j=n
€-independent of the partition }“:0 T™(A) for every 0 < m < n < s such that
n—mz=N.
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Of course, in the definition of e-independence we can consider any measurable
(possibly uncountable) partition A and write conditional measures pa(B) in
(2.11.13). Then for T an automorphism we can replace in the definition of WB

onT3(A) by 0T (A)and L TH(A) by [T T7I(A), and set
n =oco,n—m = N. WB in this formulation becomes one more version of weak
dependence of the present (and future) from the remote past.

If e = 0and N = 1, then all partitions T~ (A) are mutually independent
(recall that A, B are said to be independent if u/(AnB) = p(A)u(B) for every A
A,B B.). We then say that A is Bernoulli. If A is a one-sided generator (two-
sided generator), then clearly T on (X, F, ) is isomorphic to a one-sided (two-
sided) Bernoulli shift of A symbols: see Chapter 1, Example 1.9. The following
famous theorem of Friedman and Ornstein holds.

Theorem 2.11.4. If A'is a finite, weakly Bernoulli, two-sided generating parti-
tion of X for an automorphism T, then T is isomorphic to a two-sided Bernoulli
shift.

Of course, the standard Bernoulli partition (and in particular the number of
its states) in the above Bernoulli shift can be di erent from the image under the
isomorphism of the WB partition.

The Bernoulli shift above is unique in the sense that all two-sided Bernoulli
shifts of the same entropy are isomorphic [Ornstein 1970].

Note that @-mixing in the sense of (2.11.10), with ¢(n) - 0, for G associated
to a finite partition A, implies a weak Bernoulli property.

The Central Limit Theorem is a much weaker property than LIL. We end
this section with a useful abstract theorem that allows us to deduce CLT for g
without specifying G. This theorem, similarly to Theorem 2.11.1, can be proved
with the use of an approximation by a martingale di erence sequence.

Theorem 2.11.5. Let (X,F, ) be a probability space and T : X - X an
automorphism-preserving J. Let Fy  F be a o-algebra such that T~1(Fy) Fo.
Denote F, = T~ "(F,) for all integers n=...,—1,0,1,... Let g be a real-valued
square integrable function. If

E@|Fn) —Eg 2+ g—E(g|F-n) 2 < oo, (2.11.14)

n=0

then g satisfies CLT.

Exercises

Ergodic theorems, ergodicity

2.1. Prove that for any two o-algebras F  F and @ an F-measurable function,
the conditional expectation value operator LP(X,F,1) @ — E(@|F ) has norm
1inLP, forevery 1 <p < oo,
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Hint: Prove that E((3 < |9])|F ) = 9 ° E((J¢])|F ) for convex 9, and in
particular for t - t°.

2.2. Prove that if S : X - X is a measure-preserving surjective map for
measure spaces (X,F,p) and (X ,F ,p), and there are measure-preserving
endomorphisms T : X - X and T : X - X satisfying ST =T =8,
then T ergodic implies T is ergodic, but not vice versa. Prove that if (X, F, L)
is Rokhlin’s natural extension of (X ,F ,p), then (X ,F , ) implies (X, F, )
is ergodic.

2.3. (a) Prove the Maximal Ergodic Theorem: Let ¥ L!(u) for T a measure-
preserving endomorphism of a probability space (X, F, ). Then for A := {x :
SUPp=o o F(T'(x)) >0} it holds that , f =0.

(b) Note that this implies the Maximal Inequality for the so-called maximal
function f :=supp=; & 1) FTI(X):

pM{f =>a} = 1 fdy, foreveryreal a.
A & >a}

(c) Deduce Birkho ’s Ergodic Theorem.

Hint: One can proceed directly. Another way is to first prove the a.e. conver-
gence on a set D of functions dense in L'. Decomposed functions in L2 in sums
g = hy +hy , where hy is T invariant in the case where T is an automorphism
(iie. hy =h;eT)and hy = —g =T +¢. Consider only g L. If T is not an
automorphism, h; = U (hy) for U being conjugate to the Koopman operator
U(Ff) = f o T: compare Sections 5.2 and 5.7. To pass to the closure of D use the
Maximal Inequality. One can also just refer to the Banach Principle below. Its
assumption, sup,, [Tnf| < o ae. for Tof = -2 17 f o TK, follows from the
Maximal Inequality. See [Petersen 1983].

2.4. Prove the Banach Principle: Let 1 < p < oo and let {T} be a sequence of
bounded linear operators on LP. If sup, |Tnf| < oo a.e. for each f LP, then
the set of T for which T, converges a.e. is closed in LP.

2.5. Let (X,F, W) be a probability space, and let F;, Fs -+ F be an
increasing to F sequence of g-algebras and ¢ LP, 1 < p < oo. Prove the
Martingale Convergence Theorem in the version of Theorem 2.1.4, saying that
On ‘= E(¢|Fn) —» E(9|F) a.e. and in LP.

Steps:
(a) Prove: p{maxij=n @i > 0} < é fmaxi—,, 0; >0} @0 duy. (Hint: decompose
X = [(‘:1 Ak, where Ax = {maXj<x @i < a < @k}, and use the Tchebyshev

inequality on each Ayx. Compare Lemma 2.5.1.)
(b) Use the Banach Principle, first checking the convergence a.e. on the set
of indicator functions on each Fn.

2.6. For a Lebesgue integrable function f : R - R the Hardy-Littlewod
maximal function is

€

MT(t) :supi [f(t+s)|ds.
=0 2e —&
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(a) Prove the Maximal Inequality of F. Riesz, m({x R : Mf(X) > a}) =
% f |, for every a > 0, where m is the Lebesgue measure.
(b) Prove the Lebesgue Di erentiation Theorem: For a.e. t

€

.1
!'E'%E . [f(t+s)|ds = f(t).

Hint: Use the Banach Principle (Exercise 2.4), using the fact that the above
equality holds on the set of di erentiable functions, which is dense in L!.
(c) Generalize this theory to f : RY - R,d > 1; the constant 2 is then
replaced by another constant resulting from the Besicovitch Covering Theorem:
see Chapter 8.

Lebesgue spaces, measurable partitions

2.7. Let T be an ergodic automorphism of a probability non-atomic measure
space, and A its partition into orbits {T"(x),n =...,—1,0,1...}. Prove that
A is not measurable.

Suppose we do not assume ergodicity of T. What is the largest measurable
partition, smaller than the partition into orbits? (Hint: Theorem 2.8.11.)

2.8. Prove that the following partitions of measure spaces are not measurable:

(@) LetT :S! - S! be a mapping of the unit circle with Haar (length)
measure defined by T(z) = e?™%z for an irrational a. P is the partition into
orbits.

(b) T is the automorphism of the two-dimensional torus R2/Z2, given by a
hyperbolic integer matrix of determinant 1. Let P be the partition into stable,
or unstable, lines (i.e. straight lines parallel to an eigenvector of the matrix).

(c) LetT :S' — S! be defined by T(z) = z2. Let P be the partition into
grand orbits, i.e. equivalence classes of the relation x yi m,n = 0 such that
TM(X) =T"(y).

2.9. Prove that every Lebesgue space is isomorphic to the unit interval equipped
with the Lebesgue measure together with countably many atoms.

2.10. Prove that every separable complete metrisable (Polish) space with a
measure on the g-algebra containing all open sets, minimal among complete
measures, is a Lebesgue space.

Hint: [Rokhlin, 1949, 2.7].

2.11. Let (X,F,p) be aLebesgue space. ThenY X, He(Y) > 0 is measurable
i (Y,Fv,Hy) is aLebesgue space, where i is the outer measure, Fy = {AnY :

A F}and py(A) = %

Hint: If B=(By) is a basis for (X, F, W), then (B,,) = (Bn nY) is a basis for
(Y,Fy,Hy). Add to Y one point for each sequence (B,,F") whose intersection is
missing in Y, and in the space Y obtained in such a way generate the complete
measure space (Y, F, ) from the extension B of the basis (B,,). Borel sets with

respect to B in X correspond to Borel sets with respect to B, and sets of u
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measure 0 correspond to sets of I measure 0. So measurability of Y implies
iy \y)=o.
2.12. Prove Theorem 2.6.6.

Hint: In the case where both spaces are unit intervals with standard Lebesgue
measure, consider all intervals J with rational end points. Each J =T~ 1(J ) is
contained in a Borel set By with p(Bj \J) = 0. Remove from X a Borel set of
measure 0 containing ;(Bj \ J). Then T becomes a Borel map: hence it is a
Baire function, and hence, owing to the injectivity, it maps Borel sets to Borel
sets.

2.13. (a) Consider the unit square [0, 1] %< [0, 1] equipped with a Lebesgue mea-
sure. For each x [0, 1] let A« be the partition into points (x,y) for x = x
and the interval {x} < [0,1]. What is , Ax ? Let By be the partition into the
intervals {x } % [0,1] for x = x and the points {(x,y) : y [0, 1]}. What is
By?

§ (b) Find two measurable partitions A, A of a Lebesgue space such that their
set-theoretic intersection (i.e. the largest partition such that A, A are finer than
this partition) is not measurable.

2.14. Prove that if F : X - X is an ergodic endomorphism of a Lebesgue space
then its natural extension is also ergodic.
Hint: See [Kornfeld, Fomin & Sinai, 1982, Sec. 10.4].

2.15. Find an example of T : X - X an endomorphism of a probability space

(X, F, ), injective and onto, such that for the system - - - Ix 1t X, natural
extension does not exist.

Hint: Set X to be the unit circle and T irrational rotation. Let A be a set
consisting of exactly one point in each T -orbit. Set B = i=0 TJ(A). Notice that
B is not Lebesgue measurable, and that the outer measure of B is 1 (use unique
ergodicity of T, i.e. that (2.2.2) holds for every x).

Let F be the g-algebra consisting of all the sets C = B n D for D Lebesgue
measurable; set u(C) = Leb(D), and for C X\ B, set y(C) = 0. Note
that ,_,T"(B) = , and in the set-theoretic inverse limit the set n_}(B) =

i, '(T"(B)) would be of measure 1 for every n = 0.

Entropy, generators, mixing

2.16. Prove Theorem 2.4.7 provided (X,F,p) is a Lebesgue space, using
Theorem 2.8.11 (ergodic decomposition theorem) for p.
2.17. (a) Prove that in a Lebesgue space d(A,B) := H(AIB) + H(BJA) is a
metric in the space Z of countable partitions (mod 0) of finite entropy. Prove
that the metric space (Z, d) is separable and complete.
(b) Prove that if T is an endomorphism of the Lebesgue space, then the
function A - h(T,A) is continuous for A Z with respect to the above metric d.
Hint: |h(T,A) — h(T,B)| = max{H(A|B), H(B|A)}. Compare the proof of
Theorem 2.4.5.
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2.18. (a) Letdo(A,B) := ; u(A;+B;) for partitions of a probability space into
r measurable sets A = {A;,i=1,...,r}and B ={B;j,i =1,...,r}. Prove that
for every r and every d > 0 there exists dy > 0 such that if A, B are partitions
into r sets and do(A, B) < dg, then d(A,B) <d

(b) Using (a) give a simple proof of Corollary 2.8.10. (Hint: Given an arbi-
trary finite A construct B < By, so that do(A, B) is small for m large. Next use
(a) and Theorem 2.4.4(d).)

2.19. Prove that there exists a finite one-sided generator for every T, a contin-
uous positively expansive map of a compact metric space (see the definition of
positively expansive in Chapter 3, Section 3.5).

2.20. Compute the entropy h(T) for Markov chains: see Chapter 1.

2.21. Prove that the entropy h(T) defined as supremum of h(T, A) over finite
partitions, or over countable partitions of finite entropy, or as sup H(§|{™) over
all measurable partitions & that are forward invariant (i.e. T~1(§) < &), is the
same.

2.22. Let T be an endomorphism of the two-dimensional torus R2/Z2, given
by an integer matrix of determinant larger than 1 and with eigenvalues A;, Ao
such that [A;| < 1 and |A;| > 1. Let S be the endomorphism of R2/Z2, being the
Cartesian product of S;(x) = 2x (mod 1) on the circle R/Z and of Sy (y) =y+a
(mod 1), the rotation by an irrational angle a. Which of the maps T, S is exact?
Which has a countable one-sided generator of finite entropy?

Answer: T does not have the generator, but it is exact. The latter holds
because for each small parallelepiped P spanned by the eigendirections there
exists n such that T"(P) covers the torus (that is, T is topologically exact;
see Definition 4.3.3) with multiplicity bounded by a constant not depending
on P. This follows from the fact that A; are algebraic numbers, and from Roth’s
theorem about Diophantine approximation. S is not exact, but it is ergodic and
has a generator.

2.23. (a) Prove that ergodicity of an endomorphism T : X - X for a prob-
ability space (X, F,p) is equivalent to the non-existence of a non-constant
measurable function ¢ such that Ut (@) = ¢, where Ut is the Koopman operator:
see 2.2.1 and the notes following it.

(b) Prove that for an automorphism T, weak mixing is equivalent to the
non-existence of a non-constant eigenfunction for Ut acting on L2(X, F, p).

(c) Prove that if T is a K-mixing automorphism then L? constant functions
decomposes in a countable product of pairwise orthogonal Ur-invariant sub-
spaces Hj, each of which contains h; such that for each i all Uf(hj),j Z are
pairwise orthogonal and span Hj. (This property is called a countable Lebesgue
spectrum.)

Hint: Use condition (d) in 2.10.1.

2.24. Prove that if the definition of partition A ¢-independent of partition B
is replaced by o A g g [H(A N B) = u(A)U(B)|, then the definition of weakly
Bernoulli is equivalent to the old one. (Note that now the expression is symmetric
with respect to A, B.)
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Bibliographical notes

For the Martingale Convergence Theorem see for example [Doob 1953], [Billings-
ley 1979], [Petersen 1983] or [Stroock 1993]. Its standard proofs go via a maximal
function: see Exercise 2.5. We borrowed the idea of relying on the Banach Prin-
ciple in Exercise 2.4 from [Petersen 1983]. We followed the way to use a maximal
inequality in the proof of the Shannon, McMillan, Breiman Theorem in Section
2.5, Lemma 2.5.1, where we relied on [Petersen 1983] and [Parry 1969]. Remark
2.1.5 is taken from [Neveu, 1964, Ch. 4.3]: see for example [Hoover 1991] for a
more advanced theory. In Exercises 2.3-2.6 we again took the idea of relying on
the Banach Principle from [Petersen 1983].

Standard proofs of Birkho ’s Ergodic Theorem also use the idea of maximal
function. This concerns in particular the extremely simple proof in Section 2.2,
which has been taken from [Katok & Hasselblatt 1995]. It uses Garsia’s celebrated
proof of the Maximal Ergodic Theorem.

Koopman’s operator was introduced by Koopman in the L? setting in
[Koopman 1931].

For the material of Section 2.6 and related exercises see [Rokhlin 1949]. It
is also written in an elegant and very concise way in [Cornfeld, Fomin & Sinai
1982].

The consideration in Section 2.7 leading to the extension of the compati-
ble family i n to fir is known as the Kolmogorov Extension Theorem (or the
Kolmogorov Theorem on the existence of stochastic process). First, one verifies
the o-additivity of a measure on an algebra; next one uses the Extension The-
orem 2.7.2. Our proof of g-additivity of {I on X via the Lusin Theorem is also
a variant of Kolmogorov’s proof. The proofs of g-additivity on algebras depend,
unfortunately, on topological concepts. Halmos wrote [Halmos 1950, p. 212]:
‘This peculiar and somewhat undesirable circumstance appears to be unavoid-
able.” Indeed, the o-additivity may be not true: see [Halmos 1950, p. 214]. Our
example of the non-existence of natural extension (Exercise 2.15) is in the spirit
of Halmos’s example. There might even be trouble with extending a measure
from cylinders in the product of two measure spaces: see [Marczewski & Ryll-
Nardzewski 1953] for a counter-example. On the other hand, product measures
extend to generated c-algebras without any additional assumptions [Halmos
1950], [Billingsley 1979].

For Theorem 2.9.1, the existence of a countable partition into cross-sections,
see [Rokhlin 1949]; for bounds of its entropy, see for example [Rokhlin 1967, The-
orem 10.2], or [Parry 1969]. The simple proof of Theorem 2.8.6 via convergence
in measure has been taken from [Rokhlin 1967] and [Walters 1982]. The proof of
Theorem 2.8.11(b) is taken from [Rokhlin 1967, sec. 8.10-11 and 9.8].

For Theorem 2.9.6 see [Parry 1969, L. 10.5]; our proof is di erent. For the con-
struction of a one-sided generator and a two-sided generator see again [Rokhlin
1967], [Parry 1969] or [Cornfeld, Fomin & Sinai 1982]. The same are references
to the theory of measurable invariant partitions (exhausting and extremal), and
to the Pinsker partition, which we omitted because we do not need these notions
further in the book, but which are fundamental to a deeper understanding of the
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measure-theoretic entropy theory. Finally we encourage the reader to become
acquainted with the spectral theory of dynamical systems, and in particular
in relation to mixing properties: for an introduction see for example [Cornfeld,
Fomin & Sinai 1982], [Parry 1981] (in particular Appendix), and [Walters 1982].

Theorem 2.11.1 can be found in [Philipp & Stout 1975]. See also [Przytycki,
Urbahski & Zdunik 1989]. For (2.11.9) see [Ibragimov 1962, 1.1.2] or [Billingsley
1968]. For Theorem 2.11.3 see [Leonov 1961], [Ibragimov 1962, 1.5.2] or [Przy-
tycki, Urbanski & Zdunik 1989, Lemma 1]. Theorem 2.11.5 can be found in
[Gordin 1969]. We owe the idea of the proof of the exactness via Roth’s theorem
in 2.22 to Wieslaw Szlenk. Generalizations to higher dimensions lead to Wolfgang
Schmidt’s Diophantine Approximation Theorem.
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3

Ergodic theory on compact
metric spaces

In the previous chapter a measure preserved by a measurable map T was given a
priori. Here a continuous mapping T of a topological compact space is given, and
we look for various measures preserved by T. Given a real continuous function @
on X we try to maximize the functional measure theoretical entropy +integral, i.e.
hu(T)+ @dp. Supremum over all probability measures on the Borel o-algebra
turns out to be topological pressure, similar to P in the Finite Variational Prin-
ciple or P (a) for @4 on the Cantor set, discussed in the Introduction. We discuss
equilibria, that is, measures on which supremum is attained. This chapter pro-
vides an introduction to the theory called thermodynamical formalism, which
will be the main technical tool in this book. We shall continue to develop the
thermodynamical formalism in more specific situations in Chapter 5.

3.1 Invariant measures for continuous
mappings

We recall in this section some basic facts from functional analysis needed to
study the space of measures and invariant measures. We recall the Riesz Rep-
resentation Theorem, weak topology, and the Schauder Fixed Point Theorem.
We also recall the Krein—-Milman Theorem on extremal points, and its stronger
form, the Choquet Representation Theorem. This gives a variant of the Ergodic
Decomposition Theorem from Chapter 2.

Let X be a topological space. The Borel o-algebra B of subsets of X is defined
to be generated by open subsets of X. We call every probability measure on the
Borel g-algebra of subsets of X a Borel probability measure on X. We denote the
set of all such measures by M (X).

Denote by C(X) the Banach space of real-valued continuous functions on X
with the supremum norm: sup |@| := supy x |@(X)|. Sometimes we shall use the

67
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notation ||@||, introduced in Section 2.1 in L°>(u), although it is compatible
only if p is positive on open sets, even in the absence of .

Note that each Borel probability measure p on X induces a bounded linear
functional F; on C(X) defined by the formula

Fu(@) = odu. (3.1.1)

One can extend the notion of measure and consider o-additive set functions,
known as signed measures. Just as in the definition of measure from Section 2.1
consider W: F - [—oo,00) or iu: F - (—oo, c0] and keep the notation (X, F, W)
from Chapter 2. The set of signed measures is a linear space. On the set of finite
signed measures — that is, with the range R — one can introduce the following

total variation norm:
n

V(W) := sup IH(ADI
i=1
where the supremum is taken over all finite sequences (A;) of disjoint sets in F.
It is easy to prove that every finite signed measure is bounded, and that it
has finite total variation. It is also not di cult to prove the following theorem.

Theorem 3.1.1 (Hahn-Jordan decomposition). For every signed measure [
on a o-algebra F there exist A, F and two measures p* and p~ such that
p=pt —p,u” is zero on all measurable subsets of A, and pu~ is zero on all
measurable subsets of X \ A,,.

Note that v(p) = pt(X) + u=(X).

A measure (or signed measure) is called regular if forevery A Fand >0
there exist E;,E; F such that E; A  IntEy, and for every C  F with
C E>\E; we have |u(C)| <e.

If X is a topological space, denote the space of all regular finite signed mea-
sures with the total variation norm by rca(’X). The abbreviation ‘rca’ replaces
regular countably additive.

If F = B, the Borel o-algebra, and X is metrizable, regularity holds for
every finite signed measure. This can be proved by Carathéodory’s outer measure
argument: compare the proof of Corollary 2.8.10.

Denote by C(X) the space of all bounded linear functionals on C(X). This
is called the dual space (or conjugate space). Bounded means here bounded on
the unit ball in C(X), which is equivalent to continuous. The space C(X) is
equipped with the norm ||F|| = sup{F(¢) : @ C(X),|9| < 1}, which makes it
a Banach space.

There is a natural order in rca(X): v < vy if and only if vo —v; is a measure.

Also in the space C(X) one can distinguish positive functionals, similar to
measures amongst signed measures, as those that are non-negative on the set of
functions CT(X) :={o C(X) : ¢(x) = 0 for every x  X}. This gives the
order: F =G for F,G C(X) ifandonly if G—F is positive.

Remark that F  C(X) is positive if and only if ||F|| = F (1), where 1 is
the function on X identically equal to 1. Also, for every bounded linear operator
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F : C(X) - C(X) that is positive, namely F(C*(X)) C*(X), we have
IIF Il = [F(@)].

Note that (3.1.1) transforms measures to positive linear functionals.

The following fundamental theorem of F. Riesz says more about the trans-
formation p - F, in (3.1.1) (see [Dunford & Schwartz, 1958, pp. 373, 380] for
the history of this theorem).

Theorem 3.1.2 (Riesz Representation Theorem). If X is a compact Hausdor
space, the transformation p - F, defined by (3.1.1) is an isometric isomorphism
between the Banach space C(X) and rca(X). Furthermore, this isomorphism
preserves order.

In the sequel we shall often write p instead of Fy, and vice versa, and p(o)
or ug instead of F,(¢) or @du.

Note that in Theorem 3.1.2 the hard part is the existence: that is, that for
every F C(X) there exists g rca(X) such that F = Fy,. The uniqueness is
just the following.

Lemma 3.1.3. If g and v are finite regular Borel signed measures on a compact
Hausdor space X, such that @du= ¢@dv foreach ¢ C(X), then p=v.

Proof. This is an exercise in the use of the regularity of p and v. Let n :=
p—v =n* —n~ in the Hahn-Jordan decomposition. Suppose that © =v. Then
n* (or n7) is non-zero, say n*t(X) = n*(A,) = € > 0, where A, is the set
defined in Theorem 3.1.1. Let E; be a closed set and E5 be an open set, such
that E; A, Ez n7(E2\A;) <¢&/2 and n* (A, \ E;) < €/2. There exists
@ C(X) with values in [0, 1] identically equal 1 on E; and 0 on X \ E5. Then

pdn=  @dn+ @dn+ @dn+ @dn
E: A,\E; Ex\A, X\Ez
= ¢@dnt+ @dn* — @dn~
E1 An\El E2\A77
=nt(E) - @dn~
E2\A,
=e—¢e/2>0. (3.1.2)

»

The space C(X) can be also equipped with the weak topology. In the case
where X is metrizable — that is, if there exists a metric on X such that the
topology induced by this metric is the original topology on X — weak topology
is characterized by the property that a sequence {F, : n =1, 2,...} of functionals
in C(X) converges to a functional F  C(X) if and only if

lim Fa(9) = F (@) (3.1.3)

for every function @ C(X).
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If we do not assume X to be metrizable, weak topology is defined as the
smallest topology in which all elements of C(X) are continuous on C(X) (recall
that¢ C(X)actson F C(X) by F(9)). One says weak to distinguish this
topology from the weak topology, where one considers all continuous functionals
on C(X) and not only those represented by f C(X). This discussion of
topologies of course concerns every Banach space B and its dual B .

Using the bijection established by the Riesz Representation Theorem we can
move the weak topology from C(X) to rca(X) and restrict it to M(X). The
topology on M (X) obtained in this way is usually called the weak topology on the
space of probability measures (sometimes one omits to simplify the language
and notation, but one still has in mind weak , unless stated otherwise). In view
of (3.1.3), if X is metrizable, this topology is characterized by the property that
a sequence {un : n = 1,2,...} of measures in M(X) converges to a measure
p M(X) if and only if

Jim pn(9) = u(9) (3.1.4)

for every function ¢ C(X). Such a convergence of measures will be called
a weak convergence or weak convergence, and can be also characterized as
follows.

Theorem 3.1.4. Suppose that X is metrizable (we do not assume compactness
here). A sequence {un : n = 1,2,...}, of Borel probability measures on X con-
verges weakly to a measure p if and only if limp_ oo Hn(A) = H(A) for every
Borel set A such that p(dA) = 0.

Proof. Suppose that un, — u and p(0A) = 0. Then there exist sets E;  IntA
and E; A such that u(E; \ E;) = ¢ is arbitrarily small. Indeed, metrizabil-
ity of X implies that every open set, and in particular intA, is the union of a
sequence of closed sets, and every closed set is the intersection of a sequence of
open sets. For example, IntA = 2 {x X :inf, A p(X,2z) = 1/n} for a
metric p.

Next, there exist f,g C(X) with range in the unit interval [0, 1] such that
f is identically 1 on Eq, 0 on X \intA, g identically 1 on cl A and 0 on X \ E.
Then pn(F) - u(f) and pn(9) - K(9). As p(E1) = p(f) = p(9) = K(E2) and
Hn(F) < Hn(A) < Hn(9), we obtain

H(E1) = u(F) = lim pn(F) < liminf un(A)
= limsuppn(A) = lim un(9) = p(9) = K(E2).

n- oo
As also P(Eq) < pu(A) < U(Es), letting € — 0 we obtain limp _ oo Un(A) = H(A).
Proof in the opposite direction follows from the definition of an integral:
approximate an arbitrary continuous function f uniformly by simple functions
:‘:1 gillg,, where E; = {x X :¢& < f(X) <&}, for an increasing sequence
gi,i =1,...,k such that & — €j—; < & and pu(f*({&})) =0, with € ~ 0. It is
possible to find such numbers €; because only countably many sets f~'(a) for
a R can have non-zero measure. &»
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Example 3.1.5. The assumption u(0A) = 0 is substantial. Let X be the interval
[0, 1]. Denote by 6« the delta Dirac measure concentrated at the point x, which
is defined by the formula

1, ifx A

5y (A) =
x(A) 0, ifx/A

for all sets A B.

Consider non-atomic probability measures 1, supported respectively on the
ball B(x, %). The sequence un converges weakly to dx but does not converge
on {x}.

Of particular importance is the following theorem.

Theorem 3.1.6. The space M (X) is compact in the weak topology.

This theorem follows immediately from compactness in the weak topology of
any subset of C(X) closed in weak topology, which is bounded in the standard
norm of the dual space C(X) (compare for example [Dunford & Schwartz,
1958, V.4.3], where this result is proved for all spaces dual to Banach spaces).
M (X) is weak -closed, since it is closed in the dual space norm, and convex
by the Hahn—Banach Theorem. (Caution: convexity is a substantial assumption.
Indeed, the unit sphere in an infinite dimensional Banach space, for example, is
never weak -closed, as 0 is in its closure.)

It turns out (see [Dunford & Schwartz, 1958, V.5.1]) that if X is compact
metrizable, then every weak -compact subset of the space C(X) with weak
topology is metrizable: hence, in particular, M(X) is metrizable. (Caution:
C(X) itself is not metrizable for infinite X. The reason is for example that
it does not have a countable basis of topology at 0.)

Let now T : X - X be a continuous transformation of X. The mapping
T is measurable with respect to the Borel o-algebra. At the very begining of
Section 2.2 we defined T-invariant measures | to satisfy the condition g = p »
T~'. This means that Borel probability T-invariant meaures are exactly the
fixed points of the transformation T : M(X) - M(X) defined by the formula
TM@=peT™h

We denote the set of all T-invariant measures in M (X) by M (X, T). This
notation is consistent with the notation from Section 2.2. We omit here the
o-algebra F because it is always the Borel g-algebra B.

Noting that @d(uT 1) = ¢@oTduforany p  M(X) and any inte-
grable function ¢ (Proposition 2.2.1), it follows from Lemma 3.1.3 that a Borel
probability measure p is T-invariant if and only if for every continuous function
0: X >R

edu= @°Tdu (3.1.5)

In order to look for fixed points of T one can apply the following very general
result, whose proof (and the definition of locally convex topological vector spaces,
abbreviation: LCTVS) can be found for example in [Dunford & Schwartz 1958]
or [Edwards 1995].
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Theorem 3.1.7 (Schauder-Tychono Theorem [Dunford & Schwartz, 1958,
V.10.5]). If K is a non-empty compact convex subset of an LCTVS, then any
continuous transformation H : K - K has a fixed point.

Assume from now on that X is compact and metrizable. In order
to apply the Schauder-Tychono Theorem consider the LCTVS C(X) with
weak topology and K C(X) , being the image of M (X) under the identi-
fication between measures and functionals, given by the Riesz Representation
Theorem. With this identification we can consider T acting on K. Note that T
is continuous on M (X) (or K) in the weak topology. Indeed, if un, — 1 weakly ,
then for every continuous function ¢ : X - R, since @ » T is continuous, we get

Hn(@°T) - W(@-T),ie. T (Mn)(®) — T (W)(9), hence T (Un) — T (W) weakly .
We obtain

Theorem 3.1.8 (Bogolyubov-Krylov Theorem [Walters 1982, 6.9.1]). If T :
X - X is a continuous mapping of a compact metric space X, then there exists
on X a Borel probability measure p invariant under T.

Thus our space M (X, T) is non-empty. It is also weak compact, since it is
closed as the set of fixed points for a continuous transformation.

As an immediate consequence of this theorem and Theorem 2.8.11 (the
Ergodic Decomposition Theorem), we get the following:

Corollary 3.1.9. If T : X - X is a continuous mapping of a compact met-
ric space X, then there exists a Borel ergodic probability measure pu invariant
under T.

We shall use the notation M(X, T) for the set of all ergodic measures in
M (X, T). Write also E(M (X, T)) for the set of extreme points in M (X, T).

Thus, because of Theorem 2.2.8 and Corollary 3.1.9, we know that
Me(X, T)=E(M(X,T)) = .

In fact, Corollary 3.1.9 can be obtained in a more elementary way without
using Theorem 2.8.11: it now follows immediately from Theorem 2.2.8 and the
following theorem.

Theorem 3.1.10 (Krein—-Milman theorem on extremal points [Dunford &
Schwartz, 1958, V.8.4]). If K is a non-empty compact convex subset of an
LCTVS, then the set E(K) of extreme points of K is non-empty; moreover K is
the closure of the convex hull of E(K).

Below we state Choquet’s Representation Theorem, which is stronger than
the Krein—-Milman theorem. It corresponds to the Ergodic Decomposition
Theorem (Theorem 2.8.11). We formulate it in C(X) with weak topology as in
[Walters, 1982, p. 153]. The reader can find a general LCTVS version in [Phelps
1966]. For example, itissu cient to add to the assumptions of the Krein—-Milman
theorem the metrizability of K.

We rely here also on [Ruelle 1978a, Appendix A.5], where the reader can find
further references.
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Theorem 3.1.11 (Choquet Representation Theorem). Let K be a non-empty
compact convex set in M (X) with weak topology, for X a compact metric space.
Then for every p K there exists a ‘mass distribution’, i.e. a measure ay
M (E(K)), such that

u= mday(m).
This integral converges in weak topology, which means that for every f C(X)
u(f) = m(f)day(m). (3.1.6)

Note that we have already had a formula analogous to (3.1.6) in Remark
2.6.10.

Note that the Krein—-Milman Theorem follows from the Choquet Represen-
tation Theorem because one can weakly approximate oy, by measures on E(K)
with finite support (finite linear combinations of Dirac measures).

Exercise. Prove that if we allow oy, to be supported on the closure of E(K),
then the existence of such ay, follows from the Krein—-Milman Theorem.

Example 3.1.12. For K = M(X) we have E(K) = {Dirac measures on X}.
Then a,{0x : x A} = p(A) for every A B defines a Choquet representation
for every p M(X). (Exercise)

Choquet’s Theorem asserts the existence of oy, satisfying (3.1.6) but does
not claim uniqueness, which is usually not true. A compact closed set K with
the uniqueness of oy, satisfying (3.1.6) for every p = M (K) is called simplex (or
Choguet simplex).

Theorem 3.1.13. The set K = M(X) or K = M (X, T) for every continuous
T :X - X is a simplex.

A proof in the case of K = M (X) is very easy: see Example 3.1.12. A proof
for K = M(X,T) is not hard either. The reader can look in [Ruelle 1978a,
A.5.5]. The proof there relies on the fact that two di erent measures Wy, o
E(M (X, T)) are singular (see Theorem 2.2.6). Observe that ||u; — H2|] = 2. One
proves in fact that for every py, da M(CX, T), [lopy, — 0, || = [|H1 — Haf|-

Let us go back to the Schauder-Tychono Theorem (Theorem 3.1.7). We
shall use it in this book later, in Section 5.2, for maps di erent from T . The
Bogolyubov-Krylov Theorem proved above with the help of Theorem 3.1.7 has
a di erent, more elementary proof owing to the fact that T isa ne. A general
theorem on the existence of a fixed point for a family of commuting continuous
a ne maps on K is called the Markov-Kakutani Theorem [Dunford & Schwartz,
1958, V.10.6], [Walters, 1982, 6.9]).

Remark 3.1.14. An alternative proof of Theorem 3.1.8. Take an arbitrary
v M(X) and consider the sequence
n—1

1 )
=) = = TI).
j=0
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In view of Theorem 3.1.4, it has a weakly convergent sub-sequence, say {un, :
k =1,2,...}. Denote its limit by y. We shall show that p is T-invariant.
We have

1 nE—1 A 1 ng—1 i
TMEn)=T — Tv) = — TIT (V)
Nk . Nk .
J=0 =0

So for every @ C(X) we have

@) =T (o)l = lim pn, (@) =T (un,)(@)

1 2
< lim — — TN« < lim —|[¢]lo = 0.
Jim o V@) M@= lim el
This, in view of Lemma 3.1.3, finishes the proof.

Remark 3.1.15. If in the above proof we _consider v = 0y, a Dirac measure, then
T4 (3x) = 814(x) and pn(9) = + ;1:_01 O(TI(x)). If we have a prioripg  M(X,T)
then

1 n—1
Un(®) =~ Bripg
j=0
is weakly convergent for p-a.e. x X by Birkho ’s Ergodic Theorem.

Remark 3.1.16. Recall that in Birkho ’s Ergodic Theorem (Chapter 2), for
p M(CX,T) for every integrable function ¢ : X - R one considers
limn oo & ;‘;01 @(TI(x)) for a.e. x. This ‘almost every’ depends on @. If X is
compact, as Is the case in this chapter, one can reverse the order of quantifiers
for continuous functions.

That is, there exists A B such that u(A) =1 and for every ¢ C(X) and
X Athe limit limn o & =0 o(TI(x)) exists.
Remark 3.1.17. We could take in Remark 3.1.14 an arbitrary sequence v,
M(X) and take YU, = pn(vn). This gives a general method of constructing
measures in the space M (X, T): see for example the proof of the Variational
Principle in Section 3.5. This point of view is taken from [Walters 1982].

We end this section with the following lemma, useful in the sequel.

Lemma 3.1.18. For every finite partition P of the space (X, B, ), with X a
compact metric space, B the Borel g-algebraand p M(X, T),if 5 p H(OA) =
0, then the entropy H, (P) is a continuous function of v. = M(X,T) at y. The
entropy h, (T, P) is upper semi-continuous at p.

Proof. The continuity of H, (P) follows immediately from Theorem 3.1.4. This
fact, applied to the partitions ?:_llT_i P, gives the upper semi-continuity of
hy(T,P) being the limit of the decreasing sequence of continuous functions

LH,( 5] T7'P). See Lemma 2.4.3. -~
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3.2 Topological pressure and topological
entropy

This section is of topological character, and no measure is involved. We intro-
duce and examine here some basic topological invariants coming from the
thermodynamic formalism of statistical physics.

Let U ={Ai}i 1 and V = {B;}; J be two covers of a compact metric space
X, that is UU = UV = X. We define the new cover U V, putting

Uu v={AinBj:i I,j J} (3.2.1)

and we write
u Vv i3 i1Bj A 3.2.2)
Let, as in the previous section, T : X - X be a continuous transformation of
X. Let ¢ : X - R be a continuous function. In the context of this book such a

function is often called a potential. Let U be a finite, open cover of X. For every
integer n =1, we set

un=u THU) ... T,

foreverysetY X,

n—1

She(Y) =sup P-T*X):x Y

k=0

and for every n =1,
Zn(p,U) = iUf expSnhe(U) (3.2.3)
UV

where V ranges over all covers of X contained (in the sense of inclusion) in U".
The quantity Z,(@,U) is sometimes called the partition function.

Lemma 3.2.1. The limit P(p,U) = limp, _, % log Zn (@, U) exists, and moreover
it is finite. In addition, P(¢,U) = —||9]|c.

Proof. Fix m,n = 1 and consider arbitrary covers V.~ U™, G  U" of X. If
U VandV G then

Sm+n®U N T7M(V)) < Sme(U) + Sne(V)
and thus
exp Sman@U nT™™(V)) =expSme(U)expSne(V).
SinceUnT™™(V) V T~™@G) U™ T~-™MUM) =U™M" we therefore obtain
Zmin(p,U) = eXp Sminf(U n T™M(V))
UuvyvVv G

< exp Sme(U) exp Snp(V)
Uvyv G

expSmoe(U) x exp Sno((V). (3.2.4)
uvVv vV G
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Ranging now over all V and G as specified in (3.2.3), we get Zmn(9,U) <
Zm(0,U) - Z,(9,U). This implies that

109 Zm+n(@,U) < log Zm(9,U) + log Zn (¢, U).

Moreover, Zn(9,U) = exp(—n||@||co). SO logZn(@,U) = —n||@]|eo. Now to
complete the proof we apply Lemma 2.4.3. &

Notice that although, in the notation P(g, U), the transformation T does not
directly appear, this quantity obviously also depends on T. If we want to indi-
cate this dependence we write P(T, @, U), and similarly Z,(T, @, U) for Z, (o, U).
Given an open cover V of X let

osc(, V) = 3“'3 sup{lo(x) —o()| : x,y V}.

Lemma 3.2.2. If U and V are finite open covers of X such that U V, then
P(¢,U) = P(p, V) — osc(e, V).

Proof. Take U U". Then there exists V = i(U) V" suchthatU V. For
every X,y V we have [Sh@(X) — Sho(y)| < osc(p, V)n, and therefore

Sho(U) = Sho((V) — osc(o, V)n. (3.2.5)

Let now G U™ be a cover of X and let G ={i(U):U U"}. The family G is
also an open finite cover of X and G V". In view of (3.2.5) and (3.2.3) we get

expSnoU) =  expSn@(V )e  o@VIN > gmosc(@Vinz (¢ V),
uc vV G

Therefore, applying (3.2.3) again, we get Z,(@,U) = exp(— osc(@, VIN)Zn (9, V).
Hence P(@,U) = P(o, V) — osc(g, V). &

Definition 3.2.3 (topological pressure). Consider now the family of all
sequences (Vn)p>, of open finite covers of X such that

lim_diam(V) =0, (3.2.6)

and define the topological pressure P(T, @) as the supremum of upper limits

limsup P(g, Vn),

n - co
taken over all such sequences. Note that, by Lemma 3.2.1, P(T, ¢) = —||¢]|co-

The following lemma gives us a simpler way to calculate topological pressure,
showing that in fact we do not have to take the supremum in its definition.

Lemma 3.2.4. If (Un)pz, is a sequence of open finite covers of X such that
limn_, o diam(Un) = 0, then the limit limn_ . P(@,Un) exists and is equal to
P(T. ).
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Proof. Assume first that P(T, @) is finite, and fix € > 0. By the definition of
pressure and uniform continuity of ¢ there exists W, an open cover of X, such
that e e

osc(p, W) < 7 and P(o,W) =P(T,0) — 7 (3.2.7)

Fix now q = 1 so large that, for all n = g, diam(U,,) does not exceed a Lebesgue
number of the cover W. Take n = q. Then U, W, and applying (3.2.7) and
Lemma 3.2.2 we get

€

> P(T, ) — ; —E =P -¢ (3.2.8)

N[ M

Hence letting € - 0, liminf, . o P(@,Un) = P(T, @). This completes the proof in
the case of finite pressure P(T, ). Note also that the same proof actually goes
through in the infinite case. &

Since in the definition of numbers P(@,U) no metric was involved, they do
not depend on a compatible metric under consideration. And since also the
convergence to zero of diameters of a sequence of subsets of X does not depend
on a compatible metric, we come to the conclusion that the topological pressure
P(T, @) is independent of any compatible metric (this of course depends on the
topology).

Readers familiar with directed sets will notice easily that the family of all
finite open covers U of X equipped with the relation * ’ is a directed set, and
topological pressure P(T, @) is the limit of the generalized sequence P(g,U).
However, we can assure them that this remark will not be used anywhere in this
book.

Definition 3.2.5 (topological entropy). If the function @ is identically zero, the
pressure P(T, @) is usually called the topological entropy of the map T, and is
denoted by h¢.,(T). Thus we can define

. 1 .
Neop(T) 1= Sldp |Irr111$°lip 5 log U;”nfv #V

Note that, because ¢ = 0, we could replace limgj,mu) .o P(@, U) in the definition
of topological pressure by sup, here, and V being a subset of U™ by U™ V.

In the rest of this section we establish some basic elementary properties of
pressure and provide its more e ective characterizations. Applying Lemma 3.2.2,
we obtain the following.

Corollary 3.2.6. If U is a finite, open cover of X, then P(T, @) = P(p,U) —
osc(g, U).

Lemma 3.2.7. P(T",Sh¢) = nP(T,p) for every n = 1. In particular,
htop(T n) = nhtop(T)-

Proof. Put g = S,¢. Take U, a finite open cover of X. LetU =U T~ 1(U)
T~=(=1(U). Since now we are actually dealing with two transformations T and
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T", we do not use the symbol U", in order to avoid possible misunderstandings.

For any m = 1 consider anopen setU U T~'(U) ... T-("™M-HU) =
U T"U) ... T7(M=U(). Then for every x U we have
mn—1 m—1
QTR = goT™X),
k=0 k=0

and therefore Smn®(U) = Smg(U), where the symbol Sy, is considered here with
respect to the map T". Hence Zmn(T,®,U) = Zm(T",g,U), and this implies
that P(T",g,U) = nP(T, g, V). Since, given a sequence (Ux)g>, of open covers
of X whose diameters converge to zero, the diameters of the sequence of its
refinements Uy also converge to zero, applying Lemma 3.2.4 now completes the
proof. &

Lemma 3.28. If T : X - X and S:Y - Y are continuous mappings of
compact metric spaces, and m : X - Y is a continuous surjection such that
Sem=meT, then for every continuous function @ : Y - R we have P(S, ) <
P(T,@°m).

Proof. For every finite, open cover U of Y we get
P(S,9,U) = P(T,@ o m, " *(U)). (3.2.9)
In view of Corollary 3.2.6 we have
P(T,pem)=P(T,@om,n (U))—osc(pom,n 1(U))
=P(T,pom,n *(U))— osc(e, V). (3.2.10)

Let (Un)p2; be a sequence of open finite covers of Y whose diameters converge to
0. Then also limp, _ « 0sc(@, Un)) = 0 and therefore, using Lemma 3.2.4, (3.2.9)
and (3.2.10) we obtain

P(S,9) = nIim P(S,0,Un) = nIim P(T,pom,n *(Up)) <P(T,qom).
The proof is complete. &

In the sequel we shall need the following technical result.

Lemma 3.2.9. If U is a finite open cover of X, then P(g,UKX) = P(gp,U) for
every k = 1.

Proof. Fix k = 1 and let y = sup{|Sk—10(X)| : X  X3}. Since Skx;n-—10(X) =
Sh®(X) + Sk—19(T" (X)), for every n =1 and x X we get

Sn@(X) =Y = Skin—19(X) = Sn@(X) +.
Therefore, for every n =1 and every U Uk+n—1
Sn@(U) =Y < Siin—10(U) < Snp(U) +.
Since (UX)" = UK+n—1  these inequalities imply that
e 7Y Zn(9,U%) < Znik—1(0,U) < €¥Zn (9, U%).

Letting now n — oo, the required result follows. &
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3.3 Pressure on compact metric spaces

Let p be a metric on X. For every n = 1 we define the new metric p, on X by
putting

Pn(x,y) = max{p(T!(x), TI(¥)) : j =0,1,...,n— 1}.

Givenr > 0 and x X, by Br(x,r) we denote the open ball in the metric p,
centred at x and of radius r. Let e >0 and let n =1 be an integer. Aset F X
is said to be (n, €)-spanning if and only if the family of balls {Bh(x,€) : x F}
covers the space X. A set S X is said to be (n,€)-separated if and only if
pn(X,y) = € for any pair x,y of di erent points in S. The following fact is
obvious.

Lemma 3.3.1. Every maximal, in the sense of inclusion, (n, €)-separated set
forms an (n, €)-spanning set.

We should like to emphasize here that the word ‘maximal’ refering to sep-
arated sets will in this book always be understood in the sense of inclusion
and not in the sense of cardinality. We finish this section with the following
characterization of pressure.

Theorem 3.3.2. For every € > 0 and every n = 1 let F,(g) be a maximal
(n, €)-separated set in X. Then

P(T,) = lim limsup 1 log exp Sho(x)
g20 e N e
= lim liminf 1 log exp Sp@(X).

€50 Nooo N
X Fy(g)

Proof. Fix € > 0, and let U(€) be a finite cover of X by open balls of radii £/2.
For any n = 1 consider U, a subcover of U(g)" such that

Zn(e,U(e)) =  expSno(U),
uu

where Z, (¢, U (€)) was defined by formula (3.2.3). For every x  Fn(g), let U(X)
be an element of U containing x. Since Fn(€) is an (n, €)-separated set, we deduce
that the function x —» U(X) is injective. Therefore

Zn(p,U(€) =  expShoU) = expSne(U (X)) = exp Sn@(X).
uu x Fn(e) x Fn(g)

Thus, by Lemma 3.2.1,

P(p,U(€)) = limsup % log exp Sno(x).

n-—ee x Fn(g)
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Hence, letting € — 0 and applying Lemma 3.2.4, we get
. . 1
P(T, @) = limsup limsup 5 log exp Sne(x). (3.3.1)
-0 n- oo X FT,,(S)

Now let V be an arbitrary finite open cover of X, and let 6 > 0 be a Lebesgue
number of V. Take € < &/2. Since for any k = 0,1,...,n — 1 and for every
X Fn(e),

diam T*(Bn(x,€)) <2e<3,

we conclude that, for some Ux(x) V,
T(Bn(x.8))  Uk(X).

Since the family {Bn(x,€) : X Fn(€)} covers X (by Lemma 3.3.1), this implies
that the family {U(X) : x Fn(e)} V"™ also covers X, where U(x) = Up(x) n
T7HUL(X) n ... n T==D(Us—;(X)). Therefore

Zn(o,V) = exp Sho(U (X)) < exp osc(e, V)n) exp Sho(X).
X Fp(g) X Fp(g)

Hence L
P(p,V) < osc(o, V) + Iinm inf o log exp Spo(x),
- x Fn(g)

and consequently

P(@,V) —osc(p,V) < lim ignc liminf 1 log exp Sne(x).
e=0 nee N R
Letting diam(V) — 0, we get
P(T, @) < liminf liminf 1 log exp Sne(Xx).
€0 n-oo N
X Fy,(g)
Combining this and (3.3.1) completes the proof. &

Frequently we shall use the notation

P(T,@,€) := limsup 1 log exp Sne(X)
n-oe x Fn(€)
and 1
P(T,9,€) ;= liminf = log exp Snho(x).
n-ee N X Fn,(g)

These limits also depend on the sequence (Fn(€))n=; of maximal (n, €)-separated
sets under consideration. However, it will be always clear from the context which
sequence is being considered.
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3.4 Variational Principle

In this section we shall prove the theorem called the Variational Principle. It has
a long history, and establishes a useful relationship between measure-theoretic
dynamics and topological dynamics.

Theorem 3.4.1 (Variational Principle). If T : X - X is a continuous transfor-
mation of a compact metric space X, and ¢ : X - R is a continuous function,
then

P(T,9) =sup huy(T)+ odu:p M(T) ,

where M (T) denotes the set of all Borel probability T-invariant measures on X.
In particular, for ¢ =0,

heop(T) =sup{hp(T) 1 M(T)}.

The proof of this theorem consists of two parts. In Part | we show that
hu(T) + @du < P(T, @) for every measure p M(T), and Part Il is devoted
to proving the inequality sup{hy(T)+ @du:p M(T)}=P(T,q).

Proof of Part I. Let p = M(T). Fix € > 0 and consider a finite partition U =
{A1,...,As} of X into Borel sets. One can find compact sets B;j A, i =
1,2,...,s, such that for the partition V ={B4,...,Bs, X\ (B; ... Bg)} we
have

Hu(UV) =¢,

where the conditional entropy H,(U|V) has been defined in (2.3.3). Therefore,
as in the proof of Theorem 2.4.4(d), we get for every n =1 that
Hu(U™) <= Hu (V™) + ne. (3.4.1)

Our first aim is to estimate from the above the number H, (V") + Snh@dp.
Putting bn = g - eXpSn@(B), keeping the notation k(x) = —xlogx, and
using concavity of the logarithmic function, we obtain by Jensen inequality

Hu(V™) +  Snpdu<  u(B) Sno(B) — log u(B)
B vn
= W(B)log e>*®)/u(B)

B v»

< log eSne(®) (3.4.2)
B vn

(Compare the Finite Variational Principle in the Introduction).
Now take 0 <o < %inf{p(Bi, Bj):1=<i=j=<s}=>0sosmall that

lo(x) —o(y)| <¢€ (3.4.3)

whenever p(X,y) < 3. Consider an arbitrary maximal (n, d)-separated set E(3).
Fix B V". Then, by Lemma 3.3.1, for every x B there existsy En(d) such
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that x  Bn(y,0), whence |Sh@(X) — Sho(y)| < €n by (3.4.3). Therefore, using
the finiteness of the set E(3), we see that there exists y(B) En(3) such that

Sho(B) < Sho(y(B)) +é&n (3.4.4)

and
B nBn(y(B),3) = .

The definitions of & and of the partition V imply that, for every z X,
#{B V:BnBy(z,0)= }=2

Thus
#{B V":BnBun(zd= }=2".

Therefore the function V?® B - y(B) En(0) is at most 2" to 1. Hence, using
(3.4.4),

2" exp Sho(y) = exp Shp(B) —en =e " exp Sho(B).
y E,n(d) B vn B vn

Taking now the logarithms of both sides of this inequality, dividing them by n
and applying (3.4.2), we get

log2 + 1 log expSnho(y) =—¢+ 1 log exp Sho(B)
: y E.() n B v
=1y (V”)+1 Shodu—e¢
=5 Mu n n@OM —E.
So, by (3.4.1),
1 1 n
5 log expSho(y) = o Huo (U™ +  @du— (28 + log 2).
y En(d)

In view of the definition of entropy h,(T,U), presented just after Lemma 2.4.2,
by letting n - oo we get

P(T,9,0) =hy(T,U)+ @du— (2 + log 2).

Applying now Theorem 3.3.2 with & - 0 and next letting € — 0, and finally
taking supremum over all Borel partitions U, leads us to

P(T,9)=hy(T)+ ¢du—log2.

And applying with every n = 1 this estimate to the transformation T" and to
the function S, we obtain

P(T",Sn@) = hy(T") + Snpedp—log?2
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or equivalently, by Lemma 3.2.7 and Theorem 2.4.6(a),
NP(T,¢)=nh,(T)+n @du—log2.

Dividing both sides of this inequality by n and then letting n — oo, the proof of
Part | follows. &

In the proof of Part Il we shall need the following two lemmas.

Lemma 3.4.2. If u is a Borel probability measure on X, then for every € > 0
there exists a finite partition A such that diam(A) < € and u(0A) = 0 for every
A A

Proof. Let E = {Xy,...,Xs} be an €/4-spanning set (that is, with respect to the
metric p = p;) of X. Since for every i  {1,...,s} the sets {x : p(X, X;) = r},
/4 <r < ¢/2, are closed and mutually disjoint, only countably many of them
can have positive measure |. Hence there exists €/4 < t < &/2 such that, for
every i {1,...,s}

H{x: p(x,xj) =t}) =0. (3.4.5)

Define inductively the sets Aq, Ag, ..., As, putting A; = {X : p(X,x;) < t} and
foreveryi=2,3,...,s

A = pCx) =t NAT Ay o Aoy,

The family U = {Aq,...,As} is a partition of X with diameter not exceeding
€. Using (3.4.5) and noting that generally 9(A\B) 0A 0B, we conclude by
induction that u(dA;) =0 foreveryi=1,2,...,s. &

Proof of Part Il. Fixe >0and let E,(€), n =1,2,..., be a sequence of maximal
(n, €)-separated sets in X. For every n = 1 define measures

dx EXP Snd(X n—t
x E,(g) Ox €XP n®(x) and m,, = 1 o T,
x En(e) EXPSn@(X) n._,

Hn =

where &, denotes the Dirac measure concentrated at the point x (see (3.1.2)).
Let (nj);2, be an increasing sequence such that m,, converges weakly, say to m,
and

1im 1 log exp Sh@(x) = limsup % log expSno(x). (3.4.6)

100 N; N
! X En,(€) n-ee x En(g)

Clearly m  M(T). In view of Lemma 3.4.2 there exists a finite partition y
such that diam(y) < € and u(0G) = 0 for every G y. For any n = 1 put
In=  x () ®XP Sho(X). Since #(G nEn(g)) < 1 forevery G y", we obtain
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Hy., (Y")+ Snedun = —log Hn(X) + Sne(X) Hn(X)
X En(g)
_ exp ShP(X) Sno(x) — log exp Sne(X)
x En(e) On n
=0, eXp SnP(X) Sn@(X) — Sn@(X) + 109 gn
X En(g)
= log gn. (3.4.7)

Now fix M Nand n=2M. For j =0,1,...,M —1, let s(j) = E(%;) — 1,
where E(X) denotes the integer part of x. Note that
s()
T—(kM+j)yM — T_jV T—(S(j)M+j)—(M—1)y
k=0
=77y ... T (GO+FHMH-D)y,
and
Ssg)y+I)M+j—-1l<sn—j+j—-1=n-1
Therefore, setting R; = {0,1,...,j—1,(sg)+1)M +j,...,n—1}, we can write

s(i)
yn = T_(kMJFj)yM T_iy.
k=0 i R
Hence
s() ) _
He, (y") < Hy, T-KMAEDYM oy Ty
k=0 i R;
s() _
= HunoT—“Mﬂ‘)(VM) +log # T 'Yy
k=0 i R;
Summing now over all j =0,1,...,M — 1, we get
M—1s@) M—1
M Hun (yn) = HunoT—(k1w+j) (yM) + |og(#y#RJ‘)
=0 k=0 j=o0

n—1
<  Hy,.r—(yM)+2M?log #y
1=0
<nH M 2
= 1 w1y, (YY) +2M7 log #y.

1=0 Hn

And applying (3.4.7) we obtain

M log expSno(X) =nHm (YM)+M S,0du, +2M?log #y.
X En(g)
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Dividing both sides of this inequality by Mn, we get

% log expSno(x) < % Hm, (YM)+  @dm, + 2% log #y.
X En(g)

Since 0T ~1(A) T~1(0A) for every set A X, the measure m of the
boundaries of the partition yM is equal to 0. Therefore, letting n — oo along
the sub-sequence {n;}, we conclude from this inequality, Lemma 3.1.18 and
Theorem 3.1.4 that

P(T,0.6) < o HaY™) + gdm.
Now letting M - oo, we get
P(T,9,8) <hm(T,y)+ ¢dm=sup hy(T)+ @du:p M(T)

Finally, applying Theorem 3.3.2 and letting € 0, we get the desired inequality.
L J

Corollary 3.4.3. Under the assumptions of Theorem 3.4.1,
P(T, @) =sup{hp(T) + o@du:p Me(T)},
where M¢(T) denotes the set of all Borel ergodic probability T -invariant measures
on X.
Proof. Let p M(T), and let {px : X X} be the ergodic decomposition of L.
Then hy = hy, du(x) and @du= ( @dux)du(x). Therefore
hy+ o@du=  hy,, + odux dux),

and consequently there exists x X such that h,, + ¢@dux = hy+ @dy,
which completes the proof. &

Corollary 3.4.4. If T : X - X is a continuous transformation of a compact
metric space X, @ : X - R is a continuous function and Y is a forward invariant
subset of X (i.e. T(Y) Y), then P(T|y,0ly) <P(T,0).

Proof. The proof follows immediatly from Theorem 3.4.1 by the remark that
each T|y -invariant measure on Y can be treated as a measure on X, and it is
then T-invariant. &

3.5 Equilibrium states and expansive maps

We keep in this section the notation from the previous one. A measure g M(T)
is called an equilibrium state for the transformation T and function ¢ if

P(T,9) =hu(T)+ odu
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The set of all these measures will be denoted by E(@). In the case ¢ = 0 the
equilibrium states are also called maximal measures. Similarly to Corollary 3.4.4
(and in fact more easily) one can prove the following.

Proposition 3.5.1. If E(9) = , then E(@) contains ergodic measures.

As the following example shows, there exist transformations and functions
that admit no equilibrium states.

Example 3.5.2. Let {T : X, - Xn}n=1 be a sequence of continuous mappings
of compact metric spaces Xn, such that for every n =1

Niop(Thn) < hop(Tht1) @and sup hiop(Th) < oo. (3.5.1)
n

The disjoint union 72, X, of the spaces X, is a locally compact space, and let
X = {w} ne1Xn be its Alexandrov one-point compactification. Define the
map T : X - X by T|x, = Tn and T (w) = w. The reader can check easily that
T is continuous. By Corollary 3.4.4, h,(Tn) < hop(T) for all n = 1. Suppose
that p is an ergodic maximal measure for T. Then pu(X,) = 1 for some n = 1,
and therefore

iop(T) = hu(Tn) < heop(Tn) < heop(Tns1) < heop(T),

which is a contradiction. In view of Proposition 3.5.1, this shows that T has no
maximal measure.

A more di cult problem is to find a transitive and smooth example without
maximal measure (see for instance [Misiurewicz 1973]).

The remaining part of this section is devoted to providing su cient conditions
for the existence of equilibrium states. We start with the following simple general
criterion, which will provide the basis for obtaining all others.

Proposition 3.5.3. If the function M(T) M - hy(T) is upper semi-
continuous, then each continuous function @ : X - R has an equilibrium
state.

Proof. By the definition of weak topology the function M(T) n - @du
is continuous. Therefore the lemma follows from the assumption, the weak -
compactness of the set M (T), and Theorem 3.4.1 (the Variational Principle). &

As an immediate consequence of Theorem 3.4.1 we obtain the following.

Corollary 3.5.4. If hy,,(T) = 0, then each continuous function on X has an
equilibrium state.

A continuous transformation T : X - X of a compact metric space X
equipped with a metric p is said to be (positively) expansive if and only if

8 > 0such that (p(T"(X),T"(Y))<d n=0)= x=y.
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The number § that appears in this definition is called an expansive constant for
T:X - X.

Although, at the end of this section, we shall introduce a related but di erent
notion of expansiveness of homeomorphisms, we shall frequently omit the word
‘positively’. Note that the property of being expansive does not depend on the
choice of a metric compatible with the topology. From now on in this chapter
the transformation T will be assumed to be positively expansive, unless stated
otherwise. The following lemma is an immediate consequence of expansiveness.

Lemma 3.5.5. If A is a finite Borel partition of X with diameter not exceed-
ing an expansive constant, then A is a generator for every Borel probability
T-invariant measure p on X.

The main result concerning expansive maps is as follows.

Theorem 3.5.6. If T : X - X is expansive, then the function M(T) M -
hu(T) is upper semi-continuous, and consequently (by Proposition 3.5.3) each
continuous function on X has an equilibrium state.

Proof. Let 8 > 0 be an expansive constant of T, and let p M(T). By
Lemma 3.4.2 there exists a finite partition A of X such that diam(A) < &
and p(0A) =0 for every A A,

Consider now a sequence (Un)p; Of invariant measures converging weakly
to Y. In view of Lemma 3.5.5 and Theorem 2.8.7(b), we have

hy(T) = hy(T,A)

for every v M(T), and in particular forv=pand v = p, withn=1,2,....
Hence, because of Lemma 3.1.18,

ha(T) = hu(T,A) = limsuphy,, (T, A) = limsup h,,, (T).

n—- oo N - oo
The proof is complete. &
Below we prove three additional interesting results about expansive maps.

Lemma 3.5.7. If U is a finite open cover of X with diameter not exceeding an
expansive constant of an expansive map T : X - X, then limp_ o diam(U"™) = 0.

Proof. Let U = {U;,U,,...,Us}. By expansiveness for every sequence (an)p—g
of elements of the set {1,2,...,s}

oo

# T"U,,) =1

n=0

and hence .
lim diam T™"(U,,) =0.
— 0O n=0
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Therefore, given a fixed € > 0, there exists a minimal finite k = k({an}) such

that
k

diam T "U,,) <e
n=0
Note now that the function {1,2,...,s}¥ {an} - k({an}) is continuous: what
is more, it is locally constant. Thus, by compactness of the space {1,2,...,s}\,
this function is bounded, say by t, and therefore
diam(U") <¢
for every n = t. The proof is complete. &
Combining now Lemma 3.2.4, Lemma 3.5.7 and Lemma 3.2.9, we get the
following fact corresponding to Theorem 2.8.7 (b).
Proposition 3.5.8. If U is a finite open cover of X with diameter not exceeding
an expansive constant, then P(T, @) = P(T, ¢, U).
As the last result of this section we shall prove the following.

Proposition 3.5.9. There exists a constant n > 0 such that € >0 n(g) =1,
such that

POLY) ZE= Pn)(Xy) >n.
Proof. Let U = {Uy,U,,...,Us} be a finite open cover of X with diameter not

exceeding an expansive constant 0, and let n be a Lebesgue number of U. Fix
€ > 0. In view of Lemma 3.5.7 there exists an n(g) = 1 such that

diam(U"®)) < ¢. (3.5.2)
Let p(X,y) = ¢, and suppose that py)(X,y) =n. Then
O<j=n(e)—1) (Ui, U) suchthat TI(x), TI(y) Uj,

and therefore

n(e)—1
X,y T, une.
i=0
Hence diam(U"®) = p(x,y) = ¢, which contradicts (3.5.2). The proof is
complete. »

As we mentioned at the begining of this section, there is a notion related to
positive expansiveness that makes sense only for homeomorphisms. We say that
a homeomorphism T : X - X is expansive if and only if

8 > 0such that (p(T"(X), T"(Y)<d n 2Z)= x=y.

We shall not explore this notion in this book; we want only to emphasize that for
expansive homeomorphisms analogous results (with obvious modifications) can
be proved (in the same way) as for positively expansive mappings. Of course,
each positively expansive homeomorphism is expansive. However, if there exists
a positively expansive homeomorhism T : X - X for X a compact metric space,
then X is finite. See for example [Coven & Keane 2006].
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3.6 Topological pressure as a function
on the Banach space of continuous
functions; the issue of uniqueness of
equilibrium states

Let T : X — X be a continuous mapping of a compact topological space X.
We shall discuss here the topological pressure function P : C(X) - R, P(g9) =
P(T, ). Assume that the topological entropy is finite, h,(T) < co. Hence the
pressure P is also finite, because for example

P(@) = hyop(T) +sup@. (3.6.1)

This estimate follows directly from the definitions: see Section 2.2. It is also an
immediate consequence of Theorem 3.4.1 (the Variational Principle) in the case
where X is metrizable.

Let us start with the following easy theorem.

Theorem 3.6.1. The pressure function P is Lipschitz continuous with the
Lipschitz constant 1.

Proof. Let ¢ C(X). Recall from Section 3.2 that in the definition of pressure
we have considered the following partition function:

Zn(9,V) = inf expSne(U)
UV

where V ranges over all covers of X contained in U™. Now, if also ¢y C(X),
then we obtain for every open cover U and positive integer n that

Zn(p, Ve I0¥lI=N < 7, (9, U) < Z (, U)elle¥ll=n,
Taking limits, if n oo we get P() = 19 — Ylleo < P(§) < PW) + [l — Yllo’
hence [P(Y) — P(@)| = [[U — ¢lfco- *

Theorem 3.6.2. If X is a compact metric space, then the topological pressure
function P : C(X) - R is convex.

We provide two di erent proofs of this important theorem: one elementary,
the other relying on the Variational Principle (Theorem 3.4.1).

Proof 1. By Holder inequality applied with the exponents a = 1/a,b = 1/(1—0a),
so that 1/a+ 1/b=a + 1 —a = 1, we obtain for an arbitrary finite sest E X

% log esn(awwsn(l—a)w:%mg 2051 () g(1-a)S, (W)

E E

<< E |Og esn((p) eva(qJ)
n E E

1 1
<a_ log eS @ +(1- o)~ log S (W)
E E



9780521438001c03 CUP/PUK February 5, 2010 17:25 Page-90

90 Compact metric spaces

To conclude the proof, now apply the definition of pressure with E = F,(g) that
are (n, €)-separated sets: see Theorem 3.3.2. &

Proof 2. It is su cient to prove that the function

P:= sup Lu® where L@ :=hy(T)+ po
o M(X,T)

(where p@ abbreviates ¢ du: see Section 3.1) is convex, because by the

Variational Principle |5((p) = P(o).
That is, we need to prove that the set

A:={(0,y) CX)xR:y=P(o)}

is convex. Observe, however, that by its definition A=, ;1) L;;, where by
Lj we denote the upper half-space {(9,y) : y = L,@}. Since all the half-spaces
Lj are convex, the set A is convex as their intersection. &

Remark 3.6.3. We can write L,¢ = pg — (—hu(T)). The function |5((p) =
sup, m(tyLu@ defined on the space C(X) is called the Legendre—Fenchel
transform of the convex function p - —h,(T) on the weakly -compact con-
vex set M(T). We shall abbreviate the name Legendre-Fenchel transform to
LF-transform. Observe that this transform generalizes the standard Legendre
transform of a strictly convex function h on a finite dimensional linear space,
say R",
y - sup{ x,y —h(x)},
X Rn

where X,y is the scalar (inner) product of x and y.

Note that —h,(T) is not strictly convex (unless M (X, T) is a one-element
space), because it is a ne: see Theorem 2.4.7.

Proof 2 just repeats the standard proof that the Legendre transform is convex.

In the sequel we shall need the so-called geometric form of the Hahn-Banach
Theorem (see [Bourbaki, 1981, Theorem 1, Chapter 2.5], or Chapter 1.7 of
[Edwards 1995]).

Theorem 3.6.4 (Hahn-Banach). Let A be an open convex non-empty subset of
a real topological vector space V, and let M be a non-empty a ne subset of V
(linear subspace moved by a vector) that does not meet A. Then there exists a
codimension 1 closed a ne subset H that contains M and does not meet A.

Suppose now that P : V - R is an arbitrary convex continuous function on a
real topological vector space V. We call a continuous linear functional F : V - R
tangentto P at x V if

FiyY)sP(x+y)—P(x) (3.6.2)

for every y V. We denote the set of all such functionals by V, . (Sometimes
the term supporting functional is used in the literature.)
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Applying Theorem 3.6.4 we easily prove that for every x the set V,  is non-
empty. Indeed, we can consider the open convex set A = {(x,y) V xR}:y>
P (X)} in the vector space V x R with the product topology and the one-point
set M = {x, P (X)}, and define a supporting functional we look for as having the
graph H —{x,P(X)} in V xR.

We would also like to bring to the reader’s attention another general fact
from functional analysis, as follows

Theorem 3.6.5. Let V be a separable Banach space and P : V - R be a convex
continuous function. Then for every x V the function P is di erentiable at x
in every direction (Gateaux di erentiable), or in a dense (in the weak topology)
set of directions, if and only if V,  is a singleton.

Proof. Suppose first that P is not di erentiable at some point x and direction
y. Choose an arbitrary F V, 5. Non-di erentiability in the directiony V
implies that there exist € > 0 and a sequence {t,}n=1 converging to 0 such that

P(xX+thy) —PX) =t F(y) +€ltnl. (3.6.3)

In fact, we can assume that all t,, n = 1, are positive by passing to a sub-
sequence and replacing y by —y if necessary. We shall prove that (3.6.3) implies
the existence of F V, o \{F}. Indeed, take F, V, . ,p. Then, by (3.6.2)
applied for F, at X + t,y and —t,y in place of x and y, we have

P(X) = P (X + thy) = Fn(—tny). (3.6.4)
The inequalities (3.6.3) and (3.6.4) give

thF (y) + eth < thFn(y).

Hence
(Fh—F){y) == (3.6.5)

In the case when P is Lipschitz continuous, and this is the case for topological
pressure (see Theorem 3.6.1), which we are mostly interested in, all F,’s, n =1,
are uniformly bounded. Indeed, let L be a Lipschitz constant of P. Then, for
every z V and every n=1,

Fn(z) = P(X+thy +2) =P (X +tny) < L|lz]|.

So ||Fn|| = L for every n = 1. Thus there exists F = limn . 0 Fn, @ Weak -limit of

a sequence {Fn}n=1 (sub-sequence of the previous sequence). We used here the

fact that a bounded set is metrizable in weak -topology (compare section 3.1).
By (3.6.5) (F —F)(y) = €. Hence F = F. Since

Px+tyy+v)—P(X+ty)=Fny(v) forall nand v V

passing with n to co and using continuity of P, we conclude that F Vyp-
If we do not assume that P is Lipschitz continuous, we restrict F, to the one-
dimensional space spanned by y: that is, we consider Fn|ry. In view of (3.6.5),
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for every n = 1 there exists 0 < s, < 1 such that Fn(sny) — F(sny) = €. Passing
to a sub-sequence, we may assume that lim, _ - sp = s forsome s [0, 1]. Define

fn = SnFany + (1 - Sn)F IRy.

Then f,(y) — F(y) = € hence ||f, — Flryl| = ﬁ for every n = 1. Thus the
sequence {fn}n=1 is uniformly bounded and, consequently, it has a weak- limit
f: Ry - R. Now we use Theorem 3.6.4 (Hahn-Banach) for the a ne set M
being the graph of f translated by (x,P(X)) in V x R. We extend M to H and
find the linear functional F V. p Whose graph is H — (X, P(x)), continuous
since H is closed. Since E(y) —F(y) = f(y)—F(y)=¢, F = F.

Suppose now that V,  contains at least two distinct linear functionals, say
FandF.SoF )— If(y) >0 forsomey V. Suppose on the contrary that P is
di erentiable in every direction at the point x. In particular, P is di erentiable
in the direction y. Hence

Px+ty)—P(Xx) _,. PXx—-ty)—P(x)
tf'?) t _t“f% —t

and consequently
lim Px+ty) +P(x—1ty) —2P(X) _ 0.
t-0 t
On the other hand, for every t > 0, we have P (x +ty) — P (x) = F(t) = tF(y)
and P(x —ty) — P(X) = F(—ty) = —tF (y): hence
Px+ty) +P(x—ty) —2P(x)
t

=F(y) —F(y) >0,

liminf
t-0

which is a contradiction. R

Infact F(y) —F(y) =€ >0 impliesF(y)—F(y)=¢/2>0forally in the
neighbourhood of y in the weak topology defined justby {y : (F—F)(y—y) <
€/2}. Hence P is not di erentiable in a weak*-open set of directions. »

Let us go back now to our special situation:

Proposition 3.6.6. If p M(T) is an equilibrium state for ¢  C(X), then
the linear functional represented by u is tangent to P at ¢.

Proof. We have
H(@) +hy = P(9)
and for every C(X)

M@ +y) +h, <=P(e+ ).

Subtracting the sides of the equality from the respective sides of the latter
inequality we obtain () < P(@o+W)—P(), which is just the inequality defining
tangent functionals. &

As an immediate consequence of Proposition 3.6.6 and Theorem 3.6.5 we get
the following.
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Corollary 3.6.7. If the pressure function P is di erentiable at ¢ in every direc-
tion, or at least in a dense (in the weak topology) set of directions, then there is
at most one equilibrium state for @.

Because of this Corollary, in future (see Chapter 5), in order to prove unique-
ness it will be su cient to prove di erentiability of the pressure function in a
weak*-dense set of directions.

The next part of this section will be devoted to a sort of reversal of Propo-
sition 3.6.6 and Corollary 3.6.7, and to a better understanding of the mutual
Legendre—Fenchel transforms —h and P. This is a beautiful topic, but will not
have applications in the rest of this book. Let us start with a characterization of
T-invariant measures in the space of all signed measures C(X) formulated by
means of the pressure function P.

Theorem 3.6.8. For every F C(X) the following three conditions are
equivalent:

(i) For every @ C(X) it holds that F (¢) < P(9).

(i) There exists C R such that for every ¢ C(X) it holds that F(¢) <
P(p) +C.

(iii) F is represented by a probability-invariant measure g M (X, T).
Proof. (iii) (i) follows immediately from the Variational Principle:
F (@) =F (@) +hu(T) = P(p) for every ¢ C(X).

(i) (i) is obvious. Let us prove that (ii)  (iii). Take an arbitrary non-negative
@ C(X): that is, such that for every x X, @(x) = 0. For every real t < 0 we
have

F (to) < P(tg) + C.

Since t@ < 0, it immediately follows from (3.6.1) that P(tg) < P(0). Hence
F(tg) =P (0)+C. So

—(C+P(0)

[t|IF (9p) = —(C + P(0)), hence F(g)= m

Letting t - —oo, we obtain F (@) = 0. We estimate the value of F on constant
functions t. For every t > 0 we have F(t) < P(t) + C = P(0) +t+ C. Hence
F() <1+ 2O similarly F(—t) < P(—t) + C = P(0) — t+ C, and therefore
F)=1- M. Letting t — oo we thus obtain F (1) = 1. Therefore, by The-
orem 3.1.1 (the Riesz Representation Theorem), the functional F is represented
by a probability measure g M (X). Let us finally prove that p is T -invariant.
Forevery ¢ C(X) andeveryt R we have by (i) that

Ft(@-T —@) =P(t(e-T —¢)) +C.
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It immediately follows from Theorem 3.4.1 (the Variational Principle) that
P(t(p - T —@)) = P(0). Hence
P@O)+C

F@-T)~F@I= ——

Thus, letting |t| » oo, we obtain F(@ - T) = F (@), i.e T-invariance of p. &
We shall prove the following.

Corollary 3.6.9. Every functional F tangent to P at ¢ C(X), that is, F
C(X)yp - is represented by a probability T-invariant measure b M (X, T).

Proof. Using Theorem 3.6.1, we get for every § C(X) that

FW) = P(e+P)—P(9) = P(W)+[P(e+W)—P(W)|—P(9) = PW)+l¢lle —P(@).

So condition (ii) of Theorem 3.6.8 holds: hence (iii) holds, which means that F
is represented by p = M (X, T). &

We can now almost reverse Proposition 3.6.6. That is, being a functional
tangent to P at ¢ implies being an ‘almost’ equilibrium state for ¢.

Theorem 3.6.10. It holds that F C(X)ep if and only if F, or actually
the measure p = u M(X,T) representing F, is a weak -limit of measures
Mn  MC(CX,T) such that

Hn® +hy (T) - P(9).

Proof. In one way the proof is simple. Assume that p = limp _, - Hn in the weak

topology and pn@ + hy,(T) - P(@). We proceed as in Proof of Proposition
3.6.6. In view of Theorem 3.4.1 (the Variational Principle) pn(@+y)+hy (T) <
P(¢ + ) which means that p,(0) < P(@ + y) — (Un@ + hy,, (T)). Thus, letting
n - oo, we get u(P) < P(¢ + ) — P(@). This means that u C(X)(p’P.

Now, let us prove our theorem in the other direction. Recall again that the
function p - hy(T) on M(X,T) is a ne (Theorem 2.4.7), and hence concave.
Set hy(T) = lim sup, - hv(T), with v — p in weak*-topology. The function
M — hy(T) is also concave and upper semi-continuous on M(T) = M(X,T). In
the sequel we shall prefer to consider the function p — —hy(T), which is lower
semi-continuous and convex.

We need the following.
Lemma 3.6.11 (On composing two LF-transformations.). For every p M(T)
sup W9 — sup (vO—(—hy(T))) =-hu(T)), (3.6.6)
8 C(X) v M(T)

which, because of the Variational Principle, takes the form

sup  ud—P(9) =-h,(T)). (3.6.7)
9 C(X)
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Proof. To prove (3.6.6), observe first that for every 8 C(X),
Ho — Sl\ljll?T)(vﬁ — (—hu(T))) < pd — (U8 — (-hu(T))) = —hu(T)).
\Y

Note that we obtained above —h,(T)) rather than merely —h,(T)), by taking
all sequences pn - W, writing on the right-hand side of the above inequality the
expression pd — (U9 — (—hy, 9(T))), and letting n — oo. So

sup pd— sup (V8 —(=hy(T))) < -hu(T). (3.6.8)

9 C(X) v M(T)
This says that the LF-transform of the LF-transform of —hy(T) is less than or
equal to —h,(T). The preceding LF-transform was discussed in Remark 3.6.3.
The following LF-transformation, leading from & - P(®) tov — —(—h,(T)), is
defined by supy c(x) HO—P(@®) .

Let us now prove the opposite inequality. We refer to the following conse-
qguence of the geometric form of the Hahn-Banach Theorem [Bourbaki, 1981,
Chapter 11.85. Prop. 5].

Let M be a closed convex set in a locally convex vector space V. Then
every lower semi-continuous convex function ¥ defined on M is the supremum
of a family of functions bounded above by f, which are restrictions to M of
continuous a ne functions on V.

We shall apply this theorem to V. = C (X) endowed with the weak -topology,
to f(v) = h,(T). We use the fact that every linear functional continuous with
respect to this topology is represented by an element belonging to C(X). (This is
a general fact concerning dual pairs of vector spaces [Bourbaki, 1981, Ch. 11.86.
Prop. 3].) Thus, for every € > 0, there exists ¢  C(X) such that for every
v M(T)

(V= W) = —hy(T) = (-hu(T)) +&. (3.6.9)
So

HY — sup (v —(=hu(T))) = Hu(T) —&.
v M(T)

Letting € - 0, we obtain
sup pd— sup (VO —(=hy(T))) =-hu(T).
9 C(X) v M(T)
&

Continuation of Proof of Theorem 3.6.10. Fix p = pg  C(X), p. From py <
P(o + @) — P(¢) we obtain

P+ ) —u(@+y) =P(e) —po forall g C(X).
So
. ig{x){P(LIJ) — My} = P(@) — Ho. (3.6.10)

This expresses the fact that the supremum (- infimum above) in the definition
of the LF-transform of P at F is attained at ¢ at which F is tangent to P.
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By Lemma 3.6.11 and (3.6.10) we obtain

= P(¢) — pHo. (3.6.11)

So, by the definition of hy,, there exists a sequence of measures pn, ~ M(T) such
that limp | e Mn = L and limp oo hy,, = P(@) — po. The proof is complete. %

Remark 3.6.12. In Lemma 3.6.11 we considered as i1 = Y an arbitrary p
M(T); we did not assume that pg is tangent to P, i.e. that F C(X), p. Then
considering € > 0 in (3.6.9) was necessary; without € > 0 this formula mlght be
false: see Example 3.6.15.

In the proof of Theorem 3.6.10, for p C(X), p, We obtain from (3.6.11)
and the inequality h, (T) < P(¢) —vo for every v M(T) that

hy(T) = hu(T) < (L= V)0, (3.6.12)

which is just (3.6.9) with € = 0.

The meaning of this is that if u = pg is tangent to P at ¢, then ¢ is tangent
to —h, the LF-transform of P, at p.

Conversely, if | satisfies (3.6.12), i.e. s is tangent to —h at p M(T), then,
as in the second part of the proof of Theorem 3.6.10 we can prove the inequality
analogous to (3.6.10), namely that

sup v — (—hu(T)) = P(Y) < py — (=hu(T)).
v M(T)

Hence W is tangent to P at (.

Assume now the upper semi-continuity of the entropy h,(T) as a function of
K. Then, as an immediate consequence of Theorem 3.6.10, we obtain the following
corollary.

Corollary 3.6.13. If the entropy is upper semi-continuous, then a functional
F C(X) istangentto P at @ C(X) if and only if it is represented by a
measure that is an equilibrium state for .

Recall that the upper semi-continuity of entropy implies the existence of
at least one equilibrium state for every continuous ¢ : X - R, already by
Proposition 3.5.3.

Now we can complete Corollary 3.6.7.

Corollary 3.6.14. If the entropy is upper semi-continuous, then the pressure
function P is di erentiable at ¢ C(X) in every direction, or in a set of direc-
tions dense in the weak topology, if and only if there is at most one equilibrium
state for @.

Proof. This corollary follows directly from Corollary 3.6.13 and Theorem 3.6.5.
L J
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After discussing functionals tangent to P, and proving that they coincide
with the set of equilibrium states for maps for which the entropy is upper semi-
continuous as the function on M (T), the question arises of whether all measures
in M (T) are equilibrium states of some continuous functions. The answer given
below is no.

Example 3.6.15. We shall construct a measure m M (T) that is not an
equilibrium state for any ¢  C(X). Here X is the one-sided shift space >2
with the left-side shift map 0. Since this map is obviously expansive, it follows
from Theorem 3.5.6 that the entropy function is upper semi-continuous. Let
mn, M(0) be the measure equidistributed on the set Per,, of points of period

n: that is,
1

Card Perp, O,

Per,,

where 3y is the Dirac measure supported by x. m, converge weakly to WUy,
the measure of maximal entropy: log2. (Check that this follows, for example,
from Part 11 of the proof of the Variational Principle.) Let t,,n =0,1,2,... be
a sequence of positive real numbers such that > t, = 1. Finally, define

mp =

(=]
m = tnmn.

n=0

Let us prove that there is no @ C(X) tangent to h at m. Let y, =
Rnlmax + o tjm;j, where Ry, = 2 tj. We have of course hy, (o) = 0,
n = 1,2,.... Therefore hy,(d) = 0 . This follows for example from Theo-
rem 2.8.11 (the Ergodic Decomposition Theorem), or just from the fact that
hisa ne on M(g), Theorem 2.4.7.

Thus, since hisa ne,

hy, (6) — hm(0) = Rn hy,,,a, (0) = R log 2, (3.6.13)
and for an arbitrary ¢ C(=?)
(Mh — M) = RpMmax — timj ¢ < Rnen, (3.6.14)
j=n

where €, - 0 as n — oo because mj — Mmax. The inequalities (3.6.13) and
(3.6.14) prove that ¢ is not ‘tangent’ to h at m. More precisely, we obtain h,, (0)—
hm(c) = (un — m)e for n large: that is,

—hy, (0) = (=hm(0)) = (kn — M)y

for ¢ = —, opposite to the tangency inequality (3.6.12). So, by Remark 3.6.12,
m is not tangent to any ¢ for the pressure function P.

In fact it is easy to see that m is not an equilibrium state for any @
C(=?) directly. For an arbitrary ¢ C(=2) we have pm.x® < P(¢), because
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Numax (@) =0. So mnhe < P(@) for all n large enough as Mp - Mmax. Also,
mn® < P(@) for all n’s. So for m being the average of mp’s we have mg =
moe + hy(0) < P(@). So ¢ is not an equilibrium state.

The measure m in this example is very non-ergodic: this is necessary, as will
follow from Exercise 3.15.

Exercises

Topological entropy

3.1. LetT:X - XandS:Y - Y be two continuous maps of compact metric
spaces X and Y respectively. Show that h,, (T % S) = hyop(T) + heop(S).
3.2. Prove that if T : X — X is an isometry of a compact metric space X, then
heop(T) = 0.
3.3. Show that if T : X - X is a local homeomorphism of a compact connected
metric space and d = #T ~!(x) (note that it is independent of x  X), then
heop(T) = logd.
3.4. Prove that if f : M — M isa C! endomorphism of a compact di erentiable
manifold M, then h,,(f) = log deg(f), where deg(f) means degree of f.

Hint: Look for (n, )-separated points in f~"(x) for ‘good’ x.
See [Misiurewicz & Przytycki 1977] or [Katok & Hasselblatt 1995].
3.5. Let S' ={z C:|z| =1} be the unit circle, and let fy : S' - S! be the
map defined by the formula f4(z) = z9. Show that hy,,(f4) = log d.

3.6. Let ga : A - Za be the shift map generated by the incidence matrix A.
Prove that hy.,(0a) is equal to the logarithm of the spectral radius of A.

3.7. Show that for every continuous potential @, P(9) < hyo,(T) + sup(p) (see
(3.6.1)).

3.8. Provide an example of a topologically transitive di eomorphism without
measures of maximal entropy.

3.9. Provide an example of a topologically transitive di eomorphism with at
least two measures of maximal entropy.

3.10. Find a sequence of continuous maps T, : Xn — Xp such that hyop(Tn41) =
heop(Tn) and limn _, oo iop(Thn) < oo.

Topological pressure: functional analysis approach

3.11. Prove that for an arbitrary convex continuous function P : V - R on a
real Banach space V the set of tangent functionals: , , V, p is dense in the
norm topology in the set of so-called P -bounded functionals:

{F V :(C R)suchthat( x V), FX)=P(x)+C}.

Remark. The conclusion is that for P being the pressure function on C(X),
tangent measures are dense in M (X, T): see Theorem 3.5.6. Hint: This follows
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from the Bishop-Phelps Theorem (see [Bishop & Phelps 1963] or [Israel 1979,
pp. 112-115]), which can be stated as follows:

For every P-bounded functional Fy, for every X, V and for every € > 0
there exists x V and F V tangent to P at x such that

1
F—F, <sgand x—Xg = P (Xo) — Fo(Xo) + s(Fo) ,

where s(Fo) :=supy  {Fox — P (x)} (this is —h, the LF-transform of P).
The reader can imagine Fy as asymptotic to P and estimate how far the
tangency point x of a functional F is close to Fy.

3.12. Prove that in the situation from Exercise 3.11, for every x V, the set
V, p is convex and weak -compact.

3.13. Let Eg denote the set of all equilibrium states for ¢ C(X).
(i) Prove that E, is convex.

(i) Find an example that E, is not weak -compact.

(iit) Prove that extremal points of E, are extremal points of M (X, T).

(iv) Prove that almost all measures in the ergodic decomposition of an arbi-
trary B Eg belong also to E,. (One says that every equilibrium state has a
unique decomposition into pure, i.e. ergodic, equilibrium states.)

Hints: In (ii) consider a sequence of Smale horseshoes of topological entropies
log 2 converging to a point fixed for T. To prove (iii) and (iv) use the fact that
entropy is an a ne function of measure.

3.14. Find an example showing that part (iii) of Exercise 3.13 is false if we
consider C(X), » rather than E,.

Hint: An idea is to have two fixed points p,q and two trajectories (Xn), (Yn)
such that x, - p,yn - qforn - oo and X, - Qq,yqn - p forn - —oo.
Now take a sequence of periodic orbits yx approaching {p,q} {Xn} {yn}
with periods tending to co. Take their Cartesian products with corresponding
invariant subsets Ay of small horseshoes of topological entropies less than log 2
but tending to log 2, with the diameters of the horseshoes shrinking to 0 as
k — oo. Then, for ¢ = 0, the set C(X), p consists of exactly one measure:
%(6,) + dg). (One cannot repeat the proof in Exercise 3.13(iii) with the function
hy, instead of the entropy function hy,, because hy, is no longer a ne!)

This is Peter Walters’ example: for details see [Walters 1992].

3.15. Suppose that the entropy function h, is upper semi-continuous (then for
eacho C(x) C(X)q,‘P = E¢: see Corollary 3.6.13). Prove that:

(i) Every p M(T) that is a finite combination of ergodic masures p =

tjm;j, my  M(T), is tangent to P; more precisely, there exists ¢  C(X)
such that g, mj  C(X), p, and moreover they are equilibrium states for ¢.

@iy If p= M. (T) m da(m), where M¢(X, T) consists of ergodic measures in
M(X,T) and a is a probability non-atomic measure on Mc(X, T), then there
exists @ C(X), which has uncountably many ergodic equilibria in the support
of a.

(iii) The set of elements of C(X) with uncountably many ergodic equilibria
is dense in C(X).
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Hint: By the Bishop—Phelps Theorem (see Remark in Exercise 3.11) there
exists v Eg arbitrarily close to p. Then in its ergodic decomposition there are
all the measures p;, because all ergodic measures are far apart from each other
(in the norm in C(X) ). These measures, by Exercise 3.13, belong to the same
E, which proves (i). For more details and proofs of (ii) and (iii) see [Israel 1979,
Theorem V.2.2] or [Ruelle 1978a, 3.17, 6.15].

Remark. In statistical physics the occurence of more than one equilibrium for
@ C(X) is called ‘phase transition’. Part (iii) says that the set of functions
with ‘very rich’ phase transition is dense. For further discussion see also [Israel,
1979, V.2].

3.16. Prove the following. Let P : V - R be a continuous convex function on
a real Banach space V with norm - . Suppose P is di erentiable at x V in
every direction. Let WV be an arbitrary linear subspace with norm - v,
such that the embedding WV is continuous and the unit ball in (W, - ) is
compact in (V, - v). Then P|w is di erentiable in the sense that there exists
a functional F vV such that fory W it holds that

IPX+y)=P)—FMWI=0(y w).

Remark. In Chapter 4 we shall discuss W being the space of Holder continuous
functions with an arbitrary exponent a < 1, and the entropy function will be
upper semi-continuous. So the conclusion will be that uniqueness of the equi-
librium state at an arbitrary ¢ C(X) is equivalent to di erentiability in the
direction of this space of Holder functions.

3.17. (Walters) Prove that the pressure function P is Frechet di erentiable at
¢ C(X) if and only if P is a ne in a neighbourhood of ¢. Prove also the
following conclusion: P is Frechet di erentiable at every ¢ C(X) if and only if
T is uniquely ergodic, that is, if M (X, T) consists of one element.

3.18. Prove S. Mazur’s Theorem: If P : V - R is a continuous convex function
on a real separable Banach space V, then the set of points at which there exists
a unique functional tangent to P is dense Gs.

Remark. In the case of the pressure function on C(X), this says that for a dense
G; set of functions there exists at most one equilibrium state. Mazur’s Theorem
contrasts with the theorem from Exercise 3.15(iii).
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If additionally T : X — X is an open map, then, in view of Lemma 4.1.2, the
domain of the inverse map contains the ball B(T (x),§). So it makes sense to
define the restriction of the inverse map,

T, B(T(X),8) - B(x,n). (4.1.2)
Observe that for everyy X and every A B(y, ),

T HA) = T H(A). (4.1.3)
x T7(y)

Indeed, the inclusion is obvious. So suppose that x T~ !(A). Theny =
T(x) B(Y,&).Hencey B(y,&). Letx =T, (y). As T, ! and T ' coincide
on y, they coincide on y , because they map y into B(x,n), and T is injective
on B(x,n). Thus x =T (y).

The formula (4.1.3) for all A = B(y, &) implies that T is a so-called covering
map.

(This property is in fact a standard definition of a covering map except that,
for general covering maps, on non-compact spaces ¢ may depend on y. We have
proved in fact that a local homeomorphism of a compact space is a covering
map.)

From now on throughout this section, wherever the notation T~! appears,
we assume also the expanding property, i.e. (4.0.2). We then get the following.

Lemma 4.1.4. If x X andy,z B(T(X),¢) then
P(T M), T ' (@) < A7'p(y, 2).
In particular, T, 1{(B(T(X),&)) B, A1) B(x,&) and
TBXAT) B(T(X),8) (4.1.4)
for all & > 0 small enough (which specifies the inclusion in Lemma 4.1.2).

Definition 4.1.5. For every x X, everyn=1andevery j=0,1,...,n—1
write x; = TJ(x). In view of Lemma 4.1.4, the composition
Tl eT oo T 1 B(TN(X),8) - X

is well defined, and will be denoted by T, ".

Below we collect the basic elementary properties of maps T, ". They follow
immediately from (4.1.3) and Lemma 4.1.4. For everyy X

T "(A) = T "(A) (4.1.5)
x T=n(y)
for all sets A B(y, &);
P(T."(Y), T "(@) = A "p(y,z) forally,z  B(T"(x),&); (4.1.6)
T."B"X),r)) B min{n,A""r}) for every r < &. (4.1.7)

Remark. All these properties also hold, and the notation makes sense, for
openmaps T : X - X expanding atY X, provided X, T(x),...,T"(x) Y.
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4.2 Shadowing of pseudo-orbits

We keep the notation of Section 4.1. We consider an open, distance-expanding
map T : X - X with the constants n, A, &.

Let n be a non-negative integer or +oco. Given a = 0, a sequence (X;){ is
said to be an a-pseudo-orbit (alternatively called: a-orbit, a-trajectory, a-T -
trajectory) for T : X - X of length n+ 1 if, for every i =0,...,n—1,

P(T (Xi), Xi+1) < a. (4.2.1)

Of course, every (genuine) orbit (X, T(x),...,T"(X)), x X, is an a-pseudo-
orbit for every a = 0. We shall prove a kind of converse fact, that in the case
of open, distance-expanding maps, each ‘su ciently good’ pseudo-orbit can be
approximated (shadowed) by an orbit. To make this precise we proceed as follows.
Let B > 0. We say that an orbit of x X, B-shadows the pseudo-orbit (x;){ if
and only if for every i =0,...,n

pTH(X), xi) < B. (4.2.2)

Definition 4.2.1. We say that a continuous map T : X — X has the shadowing
property if for every B > 0 there exists a > 0 such that every a-pseudo-orbit of
finite or infinite length can be -shadowed by an orbit.

Note that, owing to the compactness of X, the shadowing property for all
finite n implies shadowing with n = oo,

Here is a simple observation yielding the uniqueness of the shadowing.
Assume only that T is expansive (cf. Section 3.2).

Proposition 4.2.2. If 2[3 is less than an expansiveness constant of T (we do
not need to assume here that T is expanding with respect to the metric p), and
(xi)5° is an arbitrary sequence of points in X, then there exists at most one point
X whose orbit 3-shadows the sequence (Xi)ij2,.

Proof. Suppose the forward orbits of x and y 3-shadow (x;). Then for everyn =0
we have p(T"(x), T"(y)) < 2B. Then since 23 is the expansiveness constant for
T,wegetx=y. »

We shall now prove some less trivial results, concerning the existence of 3-
shadowing orbits.

Lemma 4.2.3. Let T : X - X be an open, distance-expanding map. Let 0 <
B<&,0<a=smin{(A—1)B,&}. If (xi)5° is an a-pseudo-orbit, then the points
Xj = Ty ' (Xi41) are well defined, and

(@) Foralli=0,1,2,...,n—1,
T (B(Xit1,B))  B(xi.p)
and consequently, for all i =0,1,...,n, the compositions
Si :=T);1 oTX_ll °... oTX—il :B(xi,B) - X

are well defined.
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(b) The sequence of closed sets S;(B(xi, B)), i =0,1,...,n, is descending.

(c) The intersection
n

Si(B(xi, B)
i=0

is non-empty, and the forward orbits (for times 0,1,...,n) of all the points of
this intersection B-shadow the pseudo-orbit (X;)g.

Proof. x; are well defined by a < €. In order to prove (a), observe that by (4.1.7)
we have

T);l(B(Xi+1, B)) B(Xi, )\_1[3) B(Xi, )\—16 + )\_1G)

and A3+ A la < B as a < (A— 1)B. Statement (b) follows immediately from
(a). The first part of (c) follows immediately from (b) and the compactness of
the space X. To prove the second part denote the intersection that appears in
(c) by A. Then T'(A) B(x;,p) for all i =0,1,...,n. Thus the forward orbit
of every point in A, B shadows (x;)§. The proof is complete. &

As an immediate consequence of Lemma 4.2.3 we get the following.

Corollary 4.2.4 (Shadowing lemma). Every open, distance-expanding map sat-
isfies the shadowing property. More precisely, for all § = 0 and a > 0 as in
Lemma 4.2.3 every a-pseudo-orbit (X;){} can be B-shadowed by an orbit in X.

As a consequence of Corollary 4.2.4 we shall prove the following.

Corollary 4.2.5 (Closing lemma). Let T : X - X be an expansive map, satis-
fying the shadowing property. Then for every > 0 there exists a > 0 such that
if x X and p(x, T'(x)) < a for some | = 1, then there exists a periodic point
of period | whose orbit B-shadows the pseudo-orbit (x, T(x),...,T'"'(x)). The
choice of a to (B is the same as in the definition of shadowing.

In particular, the above holds for every T : X - X an open, distance-
expanding map.

Proof. We can assume without loss of generality that 23 is less than the expansiv-
ness constant for T. Since p(x, T'(x)) < a, the sequence made up as the infinite
concatenation of the sequence (x, T(x), ..., T'"1(x)) is an a-pseudo-orbit. Hence,
by shadowing with n = oo, there is a point y X whose orbit B-shadows this
pseudo-orbit. But note that then the orbit of the point T'(y) also does this, and
therefore, by Proposition 4.2.2, T!(y) =y. The proof is complete. &

Note that the assumption T is expansive is substantial. The adding machine
map (see Example 1.4) satisfies the shadowing property, whereas it has no
periodic orbits at all. In fact the same proof yields the following periodic
shadowing.
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Definition 4.2.6. We say that a continuous map T : X - X satisfies the
periodic shadowing property if for every B > 0 there exists a > 0 such that for
every finite n and every periodic a-pseudo-orbit Xg, ..., Xn—1 — that is, a sequence
of points Xo, ..., Xn—1 such that p(T (Xi), X(i+1)(modn)) = O — there exists a point
y X of period nsuch that forall 0 <i <n, p(T'(y),Xj) <B.

Note that shadowing and periodic shadowing can hold for maps that are not
expansive. One can just add artificially the missing periodic orbits, of periods 2",
to the adding machine space. This example in fact appears as the non-wandering
set for any Feigenbaum-like map of the interval: see Section 7.6.

4.3 Spectral decomposition; mixing properties

Let us start with general observations concerning iterations of continuous
mappings.

Definition 4.3.1. Let X be a compact metric space. We call a continuous
mapping T : X — X topologically transitive if for all non-empty open sets
U,V X there exists n = 0 such that T"(U) nV = . By compactness of X,
topological transitivity implies that T maps X onto X.

Example 4.3.2. Consider a topological Markov chain Za, or A in a one-sided
or two-sided shift space of d states: see Example 1.3. Observe that the left-shift
map s on the topological Markov chain is topologically transitive if and only if
the matrix A is irreducible: that is, for each i, j there exists an n > 0 such that
the i, j-th entry Al'; of the n-th composition matrix A" is non-zero.

One can consider a directed graph consisting of d vertices such that there is
an edge from a vertex vj to vj i A;j = 0; then one can identify elements of
the topological Markov chain with infinite paths in the graph (that is, sequences
of edges indexed by all integers or non-negative integers, depending on whether
we consider the two-sided or the one-sided case, such that each edge begins at
the vertex, where the preceding edge ends). Then it is easy to see that A is
irreducible if and only if for every two vertices v, Vs there exists a finite path
from v; to v;.

A notion stronger than topological transitivity, which makes non-trivial sense
only for non-invertible maps T, is the following.

Definition 4.3.3. A continuous mapping T : X - X for a compact metric
space X is called topologically exact (or locally eventually onto) if for every open
set U X there exists n > 0 such that T"(U) = X.

In Example 4.3.2, in the one-sided shift space case, topological exactness is
equivalent to the property that there exists n > 0 such that the matrix A" has
all entries positive. Such a matrix is called aperiodic.

In the two-sided case, aperiodicity of the matrix is equivalent to topological
mixing of the shift map. We say a continuous map is topologically mixing if for
every non-empty open set U,V X there exists N > 0 such that for every
n=N we have T"(U) nV =



9780521438001c04 CUP/PUK February 17, 2010 21:32 Page-108

108 Distance-expanding maps

Proposition 4.3.4. The following three conditions are equivalent:
(1) T : X - X is topologically transitive.

(2) For all non-empty open sets U,V X and every N = 0 there exists n = N
such that T"(U) nV =

(3) There exists x X such that every y X is its w-limit point: that is, for
every N = 0 the set {T"(X)}a>, is dense in X.

Proof. Let us prove first the implication (1) (3). So, suppose T : X - X is
topologically transitive. Then for every open non-empty set V. X, the set

K(V):={x X :thereexistsn=0suchthat T"(x) V}= T™(V)

n=0

is open and dense in X. Let {Vk}k=1 be a countable basis of topology of X. By
Baire’s Category Theorem, the intersection

K= KT NV)
k=1 N=0

is a dense G5 subset of X. In particular, K is non-empty, and by its definition
the trajectory (T"(X))p2 is dense in X for every x K. Thus (1) implies (3).

Let us now prove that (3) (2). Indeed, if (T"(x))5° is a trajectory satisfying
the condition (3), then for all non-empty open sets U,V X and N = 0, there
exist n=m > 0,n—m = N such that T"(x) U and T"(x) V. Hence
T=™U)nV = . Thus (3) implies (2). Since (2) implies (1) trivially, the proof
is complete. »

Definition 4.3.5. A point x X is called wandering if there exists an open
neighhbourhood V of x such that V n T"(V) = for all n = 1. Otherwise X is
called non-wandering. We denote the set of all non-wandering points for T by Q
or Q(T).

Proposition 4.3.6. For T : X - X satisfying the periodic shadowing property,
the set of periodic points is dense in the set Q of non-wandering points.

Proof. Given 3 > 0, let a > 0 come from the definition of shadowing. Take any
X Q(T). Then by the definition of Q(T) there existsy B(x,a/2) and n >0
such that T"(y) B(X,a/2). So p(y, T"(y)) < a. Therefore (y,T(y),..., T"(y))
can be B-shadowed by a periodic orbit. Since we can take 3 arbitrarily small, we
obtain the density of periodic points in Q(T). &

Remark 4.3.7. It is not true that for every open, distance-expanding map
T : X - X we have Per = X. Here is an example. Let X = {(1/2)" : n =
0,1,2,...3 {0} Let T((1/2)") = (1/2)"~ ' forn>0, T(0) =0,T(1) = 1. Let
the metric be the restriction to X of the standard metric on the real line. Then
T : X - X is distance-expanding, but Q(T) = Per(T) = {0} {1}. See also
Exercise 4.3.
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Here is the main theorem of this section. Its assertion holds under the assump-
tion that T : X - X is open, and distance-expanding, and even under weaker
assumptions below.

Theorem 4.3.8 (on the existence of spectral decomposition). Suppose that T :
X - X is an open map that also satisfies the periodic shadowing property, and
is expanding at the set of non-wandering points Q(T) (equal here to Per(T), the
closure of the set of periodic points, by Proposition 4.3.6). Then Q(T) is the
union of finitely many disjoint compact sets Q;,j = 1,...,J, with

(Tlom) () =9

and each T|q; is topologically transitive.
Each Q;j is the union of k(j) disjoint compact sets QK, which are cyclically

permuted by T and such that T, is topologically exact.

Proof of Theorem 4.3.8. Let us start by defining an equivalence relation on
Per(T). For x,y  Per(T) we write x _ y if for every € > 0 there exist x X
and positive integer m such that p(x,x) < e and T™(x) = T™(y). We write
x yifx _ yandy _ x. Of course, for every x Per(T), X X, so the
relation is symmetric.

Now we shall prove it is transitive. Suppose that x y andy z. Let ky,k;
denote periods of y, z respectively.

Let x be close to x and T"(x) = T"(y) = y; an integer n satisfiying the
latter equality exists, since we can take an integer so that the first equality
holds, and then take any larger integer divisible by ky. Choose n divisible by
kyk,. Next, since T is open, for y close enough toy, with T™(y ) =T"(z) =z
for m divisible by k,, there exists x close to x such that T"(x ) =y . Hence
THHM(x ) = TM™(y ) = z = T"™M(z), since both m and n are divisible by k,.
Thus x  z. We have thus shown that is an equivalence relation. This proof
is illustrated in Figure 4.1.

(Figure 4.2 illustrates transitivity for hyperbolic sets Per(T) — see Exercises
or [Katok & Hasselblatt 1995] — where x vy if the unstable manifold of x

L T =TI =y Yy TN =TME) =2

ABAR
/TR

Figure 4.1 Transitivity: the expanding case.
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intersects the stable manifold of y transversally. In our expanding case the role
of transversality is played by the openness of T.)
So far we have not used the expanding assumption.

Observe now that for all x,y Per(T), p(x,y) < ¢ implies x y.

Indeed, we can take x = Tx_nkwk’y(y) for n arbitrarily large. Then x is arbi-

trarily close to x, and T"ku(x) = y = T"Ky(y). Hence the number of
equivalence classes of is finite. Denote them by P4,...,PNn. Moreover, the
sets Py,...,Pn are pairwise disjoint, and the distances between them are at
least & We have T(Per(T)) = Per(T), and if x y then T(X) T(y).
The latter follows directly from the definition of . So T permutes the sets
Pi. This permutation decomposes into the cyclic permutations we were look-
ing for. More precisely: consider the partition of Per(T) into sets of the
form

()

T™@ED, i=1,...,N.

n=0

The unions are in fact formed over finite families. It does not matter in which
place the closure is placed in these unions, because X is compact, so for every
A X we have T(A) = T(A). We consider this partition as a partition
into the Q;’s we were looking for. The Q}(’s are the summands T"(P;) in the
unions.

Observe now that T is topologically transitive on each Q;.

Indeed, if periodic x,y belong to the same Q;, there exist x  B(x,§) and
y B(y,§) such that T"(x) = T"o(y) and T™(y ) = T ™(x) for some natural
numbers n,m and ny < ky, My < Kx. For an arbitrary § > 0 choose a > 0 from
the definition of periodic shadowing, and consider x ,y such that p(x ,x) <
a, p(y ,y) =aand T"(x ) = x, T™(y ) =y for some natural numbers
Ny, My, existing by the expanding property at Per(T). Then the sequence of
points T(X ),..., Thtntke=no(x ) T(y ),..., TM+mtke=mo(y ) js a periodic
a-pseudo-orbit, of period n; + n + ky — ng + m; + m + ky — mg, so it can
be B-shadowed by a periodic orbit. Thus there exists z Per(T) such that
p(z,x) < B and p(TN(z),y) < B for an integer N > 0. Now take arbitrary open
sets U and V in X intersecting Q; and consider periodic points x Q; nU and
Yy Qj nv.

Take B such that B(x,f) U and B(y,B) V. We find a periodic point
z as above. Note that, provided B < & z x and TN(z) y. We obtain
TN@) TN n Q) n (V n Qj), so this set is non-empty. This proves the
topological transitivity of T/, .

Note that we proved that the orbits (their finite parts) x ,..., T"(x ) =
X,...,T"(xX)andy ,..., T™(y )=vy,...,T™(y), with n;,n and my, m arbi-
trarily large, can be arbitrarily well shadowed by parts of periodic orbits. This
corresponds to the approximation of a transversal homoclinic orbit or of cycles
of transversal heteroclinic orbits by periodic ones, in the hyperbolic theory for
di eomorphisms (see also Exercise 4.6).
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This analogy justifies the name heteroclinic cycle points for the points x and
y , or heteroclinic cycle orbits for their orbits as discussed above. Thus we have
proved:

Lemma 4.3.9. Under the assumptions of Theorem 4.3.8, every heteroclinic
cycle point is a limit of periodic points.

The following is interesting in itself:

Lemma 4.3.10. T|W(T) is an open map.

Proof. Fix X,y Per(T) and p(T(X),y) =< € < &/3. Since T is open, by
Lemma 4.1.2, and because of the expanding property at Per(T), there exists
=T l(y) B(x,A"1&/3). We want to prove that §y  Per(T).

There exist z,,z,  Per(T) such that p(z;,x) < A"'&/3 and p(z,,y) < &/3.
Hence p(T (z1),2z2) < &, hence T(z;) z», and hence z; and z; belong to the
same Q;j. Then T, !(z2) is a heteroclinic cycle point, so by Lemma 4.3.9 T ' (z2),
and hence ¥, are limits of periodic points. &

Continuation of the proof of Theorem 4.3.8. We can now prove the
topological exactness of T*W|,.. Fix Qk = P;j with TKO)(P;) = P;. Let
{Xs},s = 1,...,S be a & /2-spanning set in P;, where & is a constant hav-
ing the properties of & for the map T g, existing by the openness of T|W(T)

(Lemmas 4.1.2 and 4.3.10). Write k(P;) = le kx,. Take an arbitrary open set
U Pj. It contains a periodic point x.

Note that for every ball B = B(y, r) in Per(T) with the origin aty Per(T)
and radius r less than n and AK+& , we have T*v(B)  B(y, Akvr). Repeating
this step by step, we obtain T"K&)(B)  B(y, & ): see (4.1.7).

Let us go back to U and consider By = B(x,r) U withr < A"X(P9)&  Then
Trk(Pi)(By) is an increasing family of sets for n =0,1,2,....

By the definition of , theset _,T"k(P:)(By) contains {xs :s=1,...,S},
because the points Xg are in the relation  with x. This uses the fact proved above
(see Lemma 4.3.9) that x in the definition of , such that T™(x) = T™(Xs),
belongs to Per(T). It belongs even to P;, since for z  Per(T) close to x we have
Z Xs, with the use of the same x as that of heteroclinic cycle points. Hence,
by the observation above, ., T"(P:)(By) contains the ball B(xs,£ ) for each
s. So it contains P;. Since T™%(P:)(B,) is an increasing family of open sets in
Per(T) that is compact, just one of these sets covers Per(T). The topological
exactness and therefore Theorem 4.3.8 is proved. &

Remark 4.3.11. In Theorem 4.3.8 one can replace the assumption of periodic
shadowing by just PerT = Q(T). (By analogy to Axiom A di eomorphisms we
can call an open map T : X - X expanding on Q(T), and such that Per(T) =
Q(T), an Axiom A Q-distance-expanding map.)

Indeed, in the proof of Theorem 4.3.8 we used shadowing only to approx-
imate heteroclinic cycle points by periodic ones. It is su cient, however, to
notice that heteroclinic cycle points are non-wandering, by the openness of T.




9780521438001c04 CUP/PUK February 17, 2010 21:32 Page-112

112 Distance-expanding maps

(In particular, periodic shadowing is not needed in Lemma 4.3.9 to conclude the
non-wandering.)
This yields topological transitivity of each T |, with the proof as before. We

find the periodic point z by Per(T) = Q(T).

We do not know whether expanding on Q(T) implies Q(T) = Per(T); for
di eomorphisms hyperbolic on Q it does not.

As a corollary, we obtain the following two theorems.

Theorem 4.3.12. Let T : X - X be a continuous mappping for X a compact
metric space. Assume that T is open distance-expanding, or at least expanding
at the set Per(T) satisfying the periodic shadowing property. Then, if T is topo-
logically transitive, or is surjective and its spectral decomposition consists of just
one set Q; = ﬁg Q¥, the following properties hold:

(1) The set of periodic points is dense in X, which is thus equal to Q;.
(2) For every open U X there exists N = N(U) such that J[\':O Ti(U) = X.
@) (r=>0( N)(x X) L TIBx”n)=X.

(4) The following specification property holds: for every B > 0 there exists a
positive integer N such that for every n = 0 and every T-orbit (X, ...Xn) there
exists a periodic point y of period not larger than n+N whose orbit for the times
0,...,n B-shadows (Xg, - --Xn)-

Proof. By topological transitivity, for every open set U there exists n = 1 such
that T"(U) n U = (use condition (2) in Proposition 4.3.4 for N = 1). Hence
for the set Q of non-wandering points we have Q = X. This gives the density of
Per(T) by Proposition 4.3.6.

If we assume only that there is one Q;(= Q = Per(T)) in the spectral decom-
position, then for an arbitrary z X we find by the surjectivity of T an infinite
backward orbit z_,, of z. Note that z_, - Q and T"(z) - Q, which follows eas-
ily from the definition of Q. So for every a > 0 there exist wi,wy  Per(T)
and natural numbers k,n such that TK(ws) wy, p(wy,z—n) < a, and
p(ws2, T"(2)) < a. This allows us to find a periodic point in B(z,[3), where
B = 0 is arbitrarily small and a is chosen for 3 from the periodic shadowing
property.

We conclude that X = -J:l Qj, each Q; is T-invariant, closed, and also
open since Q;’s are at least &-distant from each other. So J = 1. Otherwise, by
topological transitivity, for j = i there exists n such that T"(Q;) nQ; = , which
would contradict the T -invariance of Q;.

Thus X = tg(Q'f), and assertion (2) follows immediately from the
topological exactness of TX(1) on each set QK, k =1,...,k(1).

Property (3) follows from (2), where given r we choose N = max{N(U)}
associated to a finite cover of X by sets U of diameter not exceeding r/2. Indeed,
then for every B(X, r) the set U containing X is a subset of B(x, r).
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Now let us prove the specification property. By property (3), for every a >0
there exists N = N(a) such that for every v,w X there exists m < N and
z B(v,a) such that T™(z) B(w,q).

Consider any T -orbit X, . . . Xn. Then consider an a-pseudo-orbit Xg, . . . Xp—1,
Z,...,T™" I withm=Nandz B(Xn o, TM(Z)) B(Xo,a). By Corollary
4.2.5 we can B-shadow it by a periodic orbit of period n+m=<n+ N. &

The same proof yields this.

Theorem 4.3.13. Let T satisfy the assumptions of Theorem 4.3.12, and let it
be also topologically mixing: that is, k(1) = 1. Then

(1) T is topologically exact: that is, for every open U X there exists N = N (U)
such that TN(U) = X.

@ (r=0( N)( x X) TNB(x)=X.

4.4 Holder continuous functions

For distance-expanding maps, Holder continuous functions play a special role.
Recall that a function @ : X - C (or R) is said to be Holder continuous with an
exponent 0 < a < 1 if and only if there exists C > 0 such that

lo(y) — @(X)| < Cp(y, x)*

for all x,y  X. All Holder continuous functions are continuous; if a = 1 they
are usually called Lipschitz continuous.

Let C(X) denote, as in previous chapters, the space of all continuous, real
or complex-valued functions defined on a compact metric space X, and for { :
X - Cwe write U o = sup{|u(X)] : x X} for its supremum norm. For
any a > 0 let Hy(X) denote the space of all Holder continuous functions with
exponent a > 0. If § Hg(X), let

o, (P) = sup W:x,y X, x=y, p(X,y)=¢
and
_ W) — )| . _
Ja(P) = sup T s Iy X x=y
Note that
Sa() < max MWl 5wy

EC(
The reader can check easily that Hq(X) becomes a Banach space when
equipped with the norm

U, =)+ Y .

Thus, in future, to estimate [|§]|n,, it is su cient to estimate 94 () and

lWlleo-
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The following result is a straightforward consequence of the Arzela—Ascoli
Theorem.

Theorem 4.4.1. Any bounded subset of the Banach space Hq(X) with the norm
- n,, IS relatively compact as a subset of the Banach space C(X) with the supre-

mum norm - . Moreover, if {U, :n=1,2,...} is a sequence of continuous

functions in Hg(X) such that Xn n, < C for all n = 1 and some constant

C,and if imh_ o Wn — P o =0 for some ¢y C(X), then §y Hx(X) and
Y, = C.

Now let us formulate a simple but very basic lemma that demonstrates coher-
ence of the expanding property of T and the Holder continuity property of a
function.

Lemma 4.4.2 (Pre-Bounded Distortion Lemma for Iteration). Let T : X - X
be a distance-expanding map and @ : X - C be a Holder continuous function
with the exponent a. Then for every positive integer n and all X,y X such that

p(TI(x), TI(y)) <2n forall j=0,1,...,n—1, (4.4.1)
we have, with C(T, @) := % )
ISn®(X) — Sne(y)| < C(T, @)p(T"(x), T"(¥)°, (44.2)

where S,9(z) = ;:01 ¢ ° TI(x).
If T is open we can assume x,y T, "(B(T"(z),§) forapointz X, instead
of (4.4.1). Then in (4.4.2) we can replace 9y by Jq.

The point of (4.4.2) is that the coe cient C(T, @) = 1‘%35?21 does not depend
on X,y or on n.

Proof. By (4.0.2) we have p(Ti(x), Ti(y)) < A=("=Ip(T"(y), T"(2)) for every
0<]j =n. Hence

lo(TI(¥)) = o(T1 (2))] = Ba(@)A~ V(T (y), T"(2)).

Thus
n—1
1Sn@(Y) = Sn@(@)| < Ba(@)p(T"(Y), T"(2)*  A~("7D)a
j=0
< %(@p(T"W), T @)™ A3
j=0
Ya(9) n N/oa
= T aP(T"W), T @)%
The proof is complete. -

For an open distance-expanding topologically transitive map we can replace
topological pressure, defined in Chapter 3, by a corresponding notion related to
a ‘tree’ of pre-images of an arbitrary point.
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Proposition 4.4.3. If T : X - X is a topologically transitive open distance-
expanding map, then for every Holder continuous potential ¢ : X - R and for
every X X there exists the limit

Px(T,0) := nIim %Iog exp Sho(X),
- X T—n(x)

and it is equal to the topological pressure P(T,@). In addition, there exists a
constant C such that for all x,y X and every positive integer n

X

x T—n(x) EXP Sno(X)

< 443
T-n(y) €XP Sn@(Y) ( )

<

Proof. If p(x,y) < & then (4.4.3) follows immediately from Lemma 4.4.2 with the
constant, C = C; := exp(C(T, 9)§?), since this is the bound for the ratio of corre-
sponding summands for each backward trajectory, by Lemma 4.4.2. Now observe
that by the topological transitivity of T there exists N (depending on &) such
that for all x,y X there exists 0 =< m < N such that T"(B(x,&))nB(y,&) = .
Indeed, by condition (3) in Proposition 4.3.4 we can find two blocks of a trajec-
tory of z with dense w-limit set, say TX(z),...,T* (2) and T'(2),..., T! (z) with
I >k, each &-dense in X. Then we set N =1 — k. We can find t between k and
k and s between | and | so that T¥%(z) B(Xx,&) and TS(z) B(y,&). We have
m:=s—t=<N.

Now fix arbitrary x,y  X. There therefore exists a pointy T ~™(B(y,¢))
n B(X,§). We then have

exp Sne(X) < C; exp Sne(y )
% T (x) v Ty

= C1exp(—Sme(T"(y ))) exp Snym®@(Y )
y T7(y)

< C,exp(—minf @) eXp Snim®(y )

y T—@rm)(Tm(y )
< C, exp(—minf @) exp Sn@(T™(Y )) exp Smo(y )

y Toem(Tr(y)
< C, exp(msup @ — minf @) expShe(T™M(y))

y T Ty )
< C1 exp(2N||@||oo)DN exp Sno(y )
y T—»(Tm™(y))
< C{exp(2N||g|[)D" exp Sho(y),
y T7(y)

where D = sup{#(T (2)) :z X} < oo. This proves (4.4.3).
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Observe that each set T~"(x) is (n, 2n)-separated, whence

IimsupE log exXpSne(X) = P(T, 9),

n-ee % T=m(x)

by the characterization of pressure given in Theorem 3.3.2.
In order to prove the opposite inequality, fix € < 2¢, and for every n =1 an
(n, €)-separated set F,. Cover X by finitely many balls

B(z1,€/2),B(z2,€/2),...,B(zk, €/2).
Then Fn =Fq n ;-‘:1 T7" B(zj,&/2) , and therefore

k

exp(Sn@(2)) = exp(Sn(2)).
z Fn J=1F,nT—7(B(z;,6/2))

Consider an arbitrary jandy F,n T "(B(zj,£/2)). Letz;, T7"(z;) be
defined by y T%(B (zj, €/2). We shall show that the functiony - Zzjy is injec-
tive. Indeed, suppose that zZj = zj ; = Zj, for some a,b F, n T "(B(zj,£/2)).
Then

p(T'(@), T'®) = p(T'(@), T' @) +p(T' @), T' OGN = 5 + 2 = ¢
for every 0 <1 <n. So a=b, since F, is (n, €)-separated.
Hence, using Lemma 4.4.2 (compare (4.4.3)), we obtain
k
exp(Sn9(2) = C  exp(Sne(zj)) < kC? exp(Sno(X)).
z Fp =1 z X T—7(x)

Lettingn oo, next € - 0, and then applying Theorem 3.3.2, we therefore get

P(T, ) < liminf 1 log exp Spe(X).
noee Ny T—n(x)
Thus
o1 . . 1 o
liminf = log exp Sho(X) = P(T, @) = limsup — log exp Sho(X).
n X T=n(x) n-ee M T
So liminf = lim sup above, the limit exists and is equal to P(T, ). &

Remark 4.4.4. It follows from Proposition 4.4.3, the proof of the Variational
Principle Part Il (see Section 3.4), and the expansiveness of T that for every
x X every weak limit of the measures = ['—) un o T, for

X T_"(X) 6X eXp Sn(p(Y)
% T—n(x) XPSnO(X)

Hn =
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and 0x denoting the Dirac measure concentrated at the point x, is an equilibrium
state for @. In fact, in our very special situation we can say a lot more about the
measures involved. Chapter 5 will be devoted to this end.

Let us finish this section with one more very useful fact (compare Theorem
2.11.3)

Proposition 4.4.5. Let T : X - X be an open, distance-expanding, topo-
logically transitive map. If @,y Hq(X), then the following conditions are
equivalent.

(1) If x X is a periodic point of T, and if n denotes its period, then S,@(x) —
ShP(x) =0.

(2) There exists a constant C > 0 such that for every x X and integer n = 0,
we have |She(X) — Shp(X)| =< C.

(3) There exists a function u Hg suchthat g —¢ =u-T —u.

Proof. The implications (3) = (2) = (1) are very easy. The first is obtained by
summing up the equation in (3) along the orbit x, T (X), ..., T"1(x), which gives
C = 2sup|u|. The second holds because otherwise, if S,@(X) —SaP(X) = K =0
for x of period n, then we have Sjn@(X) — SjnP(X) = jK, which contradicts (2)
for j large enough. Now let us prove (1) = (3). Let x X be a point such
that for every N = 0 the orbit (x,)g} is dense in X. Such x exists by topological
transitivity of T: see Proposition 4.3.4. Write n = @ — . Define u on the forward
orbit of x, the set A = {T"(X)}5> by u(Xn) = San(x). If x is periodic then X is
just the orbit of x, and the function u is well defined owing to the equality in (1).
So, suppose that x is not periodic. Set x5 = T"(x). Then X, = Xy for m = n:
hence u is well defined on A. We shall show that it extends in a Holder continuous
manner to A = X. Indeed, if we take points Xm,Xn A such that m < n and
P(Xm, Xn) < € for € small enough, then Xm,...,Xn—1 can be B-shadowed by a
periodic orbit y,..., T""™~1(y) of period n —m by Corollary 4.2.5, where € is
related to  in the same way as a is related to (3 in that corollary. Then by
Lemma 4.4.2,

|U(Xn) - U(Xm)l = |Snr|(x) - Smﬂ(X)l = |Sn—mn(xm)|
= [Sn—mN(Xm) = Sn-mn(Y)| < #(@)at".

In particular, we proved that u is uniformly continuous on A, which allows us to
extend u continuously to A. By taking limits we see that this extension satisfies
the same Hglder estimate on A as on A. Also, the equality in (3), true on A,
extends to A by the definition of u and by the continuity of n and u . The proof
is complete. &

Remark 4.4.6. The equality in (3) is called the cohomology equation, and u is a
solution of this equation: compare Section 2.11. Here the cohomology equation is
solvable in the space K = Hq. Note that in proving (3) = (2) we used only the
assumption that u is bounded. So, going through (2) = (1) = (3) we prove
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that if the cohomology equation is solvable with u bounded, then automatically
u Hg. The reader will see later that frequently, even under assumptions of T
weaker than expanding, to prove that u is a ‘good’ function it su ces to assume u
to be measurable and finite almost everywhere, for some probability T -invariant
measure with support X. Often u is forced to be as regular as ¢ and () are. These
types of theorem are called LivSic-type theorems.

4.5 Markov partitions and symbolic
representation

We shall prove in this section that the topological Markov chains (Chapter 1,
Example 1.3) describe quite precisely the dynamics of general open expanding
maps.

This can be done through so-called Markov partitions of X. The sets of a
partition will play the role of ‘cylinders’ {i, = Const} in the symbolic space Za.

Definition 4.5.1. A finite cover ={Ry,...,Rn} of X is said to be a Markov
partition of the space X for the mapping T if diam( ) < min{n, &} and the
following conditions are satisfied.

(@ Ri=IntR; foralli=1,2,...,d.

(b) IntRj nIntR; = foralli=j.

@© IntRj nT(NtR;))= = R; T(R;) foralli,j=1,2,...,d.
Theorem 4.5.2. For an open, distance-expanding map T : X — X there exist
Markov partitions of arbitrarily small diameters.

Proof. Fix B < min{n/4,&} and let a be the number associated to 3 as in
Lemma 4.2.3. Choose 0 <y < min{(3/2, a/2} so small that

px,y)=sy = p(MTKX), T(Y)) <a/2. (45.1)

Let E = {z4,...,2,} be a y-spanning set of X. Define the space Q by putting

Q={g=(q) EZ :p(T(q),0is1) <o forall i =0}

By definition, all elements of the space Q are a-pseudo-orbits, and therefore, in
view of Corollary 4.2.4 and Lemma 4.2.3, for every sequence q Q there exists
a unique point whose orbit -shadows . Denote this point by ©(q). In this way
we have defined a map © : Q - X. We shall need some of its properties.

Let us show first that © is surjective. Indeed, since E is a y-spanning set, for
every X X and every i = 0 there exists g E such that

p(T (), ai) <.
Therefore, using also (4.5.1),
P(T (@), Gi+1) < p(T (@), T(T' GO +p(T 1 (X), Gi1) < a/2+y < a/2+a/2 =«



9780521438001c04 CUP/PUK February 17, 2010 21:32 Page-119

4.5 Markov partitions and symbolic representation 119

forall i=0. Thus g = (gi)i2, Qand (asy <) x = 0O(q). The surjectivity of
@ is proved.

Now we shall show that © is continuous. For this aim we shall need the
following notation. If ¢ Q then we put

gn)={p Q:pj=gq;foreveryi=0,1,...,n} (4.5.2)

To prove continuity suppose that p,q Q, p(n) = q(n) with some n = 0, and
put Xx =0(q), y =0(p). Then forall i =0,1,...,n,

P(T' (), T'(Y)) < p(T'(x), Gi) + p(pi, T'(¥)) < B + B = 2B.
As (3 <n, we therefore obtain by (4.0.2) that

PTT 0, T (Y)) = Ap(TH(X), T'())

for i = 0,1,...,n—1, (see (4.1.6)), and consequently p(x,y) < A~"2B. The
continuity of @ is proved.
Now for every k = 1, ..., r define the sets

P =0({a Q:do=2z}).

Since O is continuous, Q is a compact space, and the sets {q Q:qo = zx} are
closed in Q, all sets Py are closed in X.
Denote
W(k) ={l:p(T(z«), z1) = a}.

The following basic property is satisfied:

T(P) = P. (4.5.3)
1 W (k)

Indeed, if x Py then x = 0O(q) for ¢ Q with gy = zx. By the definition of Q
we have g, = zj for some | W (k). We obtain T(x) P;.

Conversely, let x Py for I  W(k). This means that x = ©(q) for some
g Q with gy = z;,. By the definition of W (k) the concatenation zxq belongs to
Q, and therefore the point T (©(zkq)) B-shadows q. Thus T (@(zkq)) = ©(q) = X,
and hence x T (Pk).

Let now

Z =X\ T" 0Py .
n=0 k=1

Note that the boundary set 9Py := Py \ Int Py is closed, by definition. It is also
nowhere dense, since Py itself is closed. Indeed, by the definition of interior, each
point in 0Py is a limit of a sequence of points belonging to X \ Py, and hence
belonging to X \ Py, but not belonging to dPy. Since T is open, also all the
sets T ~"(0Pk) are nowhere dense. They are closed by the continuity of T. We
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conclude, referring to the Baire Theorem, that Z is dense in X; its complement
is of the first Baire category.
For any x Z denote

P(xX)={k {1,...,r}:x P}

Q)= 1/P(X):Pin( Pi)=
k P(x)

and

S(x) = IntPyi \ Pk = IntPi \ Py)
k P(x) k Q(x) k P(x) k/P (x)

We shall show that the family {S(x) : x Z} is in fact finite and, moreover, that
the family {S(x) : x Z} is a Markov partition of diameter not exceeding 2[3.
Indeed, since diam(Py) < 23 for every k =1,...,r we have

diam(S(x)) < 2p. (4.5.4)

As the sets S(x) are open, we have

Int S(x) = S(x) (4.5.5)

for all x Z. This proves the property (a) in Definition 4.5.1.
We shall now show that for every x Z

T(S(X)) S(TX). (4.5.6)

Note first that for K(x) := P (x) Pk I Q(x) P1 we have diam(K(x)) < 88
and therefore, by the assumption 3 < n/4, the map T restricted to K(x) (and
even to its neighbourhood U ) is injective.

Consider k P(xX). Then there exists | W (k) such that T(x) P
(see (4.5.3)), and using the definition of Z we get T(X) Int(Py). Using
the injectivity of T|y and the continuity of T, and then (4.5.3), we obtain
IntPx  T[5'(Int(T (Pk)): hence

T(ntPy) Int(T(Py)) IntP; S(T(X)),
and therefore

T Int Py S(T(x)). (4.5.7)
k P(x)
Now consider k Q(x). Observe that by the injectivity of T|k(x) the
assumption x / Py implies T(x) / P, 1 W (k).
Thus, using (4.5.3), we obtain

T(Pk) Pi.
1/P (T (%))
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Hence
T P nS(TKX) =
I Q(x)
Combining this and (4.5.7) gives

T IntPy \ Pk S(T()),
k P(x) k Q(x)

which means that formula (4.5.6) is satisfied, and therefore
T(SX) S(Tx). (4.5.8)

We shall now prove the following claim.
Claim. If x,y Z then either S(x) = S(y) or S(X) n S(y) = .

Indeed, if P (x) = P (y) then also Q(x) = Q(y) and consequently S(x) = S(y).
If P(X) = P(y) then there exists kK P (X) =P(y), say k P (X)\P(y). Hence
S(X) IntPyx and S(y) X \Pg. Therefore S(x) n S(y) = and the claim is
proved.

(One can write the family S(x) as | _; {IntPx, X\Py}: compare notation
in Chapter 2. Then the assertion of the claim is immediate.)

Since the family {P(x) : x  Z} is finite, so is the family {S(x) : x Z}.

Note that S(x) n S(y) = implies IntS(x) n IntS(y) = . This is a general
property of pairs of open sets: UnV = impliesUnV = implies IntUnV =
implies IntU nV = implies IntU n IntV =

Since , ,S(X) Z and Z is dense in X, we thus have , -, S(x) = X.

That the family {S(X) : x  Z} is a Markov partition for T of diameter not
exceeding 23 now follows from (4.5.5), (4.5.6), (4.5.4) and from the claim. The
proof is complete. &

Remark 4.5.3. If in Theorem 4.5.2 we omit the assumption that T is an open
map, but assume that X W and T extends to an open map in W, then the
assertion about the existence of the Markov partition holds for X, an arbitrarily
small T invariant extension of X.

The proof is the same. One finds X := ©(Q) X; it need not be equal to X.
The only di culty is to verify that the sets T (0Py) for all j = 1 are nowhere
dense. We can prove it by assuming that A > 2, where it follows immediately
from the following lemma.

Lemma 4.5.4. For each cylinder [qo, ..., qn] its ©-image contains an open set
in X.

Proof. Let L := sup|T |. Assume y << a. Choose an arbitrary gns1,... such
that for all j =nwe have p(T (g;),0j+1) < Y. Let x = ©((qo,...)). We prove
that every y X close enough to X, p(X,y) < , belongs to ©([q1,...,0n]).
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Since y X, by forward invariance of X we get T"+1(y) X. Hence there

exists a sequence of points zy,--- E such that T"*1(y) = 0((zo,...)). As a
consequence the sequence s = (qo, - - -, Un, Zo, Z1, - - - ) Of points in E satisfies the
following

p T(gj),0j+1 o forj=0,1,...,n—1.

PT@)Z0 <P T(@A) Untt +P Gnsr, TOHHO) +p TOHQ), T (y)

/A
+p TH+! =v+ LN+l 4 -
PT )20 SY+ 7Y +L Tono=a
as we can assume A > 2 and
p(T(zj),zj11) <a forj=0,1,...
Therefore ©(s) =y and s [qo, ..., On]. -

Therefore there is an arbitrary small extension of X to a compact set X that
is F = T" invariant for an integer n > 0 and has Markov partition {R;} for F.
Then take X = =0 TI(X). It is easy to check that the family of the closures

of the intersections of the sets TT_j,j(X)(Int Ri), for x  IntRk and interiors in

X constitutes a Markov partition of X for T.

Example 4.5.5. It is not true that in the situation of Remark 4.5.3 one can
always extend X to a T-invariant set X, in an arbitrarily small neighbourhood
of X, on which T is open (i.e. (X,T) is a repeller: see Section 6.1). Indeed,
consider in the plane the set X, being the union of a circle together with its
diameter interval. It is easy to find a mapping T defined on a neighbourhood of
X, preserving X, smooth and expanding. Then at least one of the pre-images of
one of two triple points (end points of the diameter) is not a triple point. Denote
it by A. T restricted to X is not open at A. Adding a short arc y starting at
A, disjoint from X (except A), a pre-image of an arc in X does not make T
open. Indeed, it is not open at the second end of y. (It is not open either at
T -pre-images of A, but we can cope with this trouble by adding pre-images of y
under iteration of T.)

On the other hand, (X, T) can be extended to a repeller if X is a Cantor set.
This fact will be applied in Section 11.6.

Proposition 4.5.6. Let T : W - W be an open continuous map of a compact
metric space (W, p). Let X W be a T-invariant Cantor set, such that T is
expanding in a neighbourhood U of X: that is, (4.0.1) holds for x,y U. Then,
in an arbitrarily small neighbourhood of X in W, there exists a Cantor set X
containing X such that T is open on it.

Proof. One can change the metric p on W to a metric p giving the same topology,
such that (X, T) is distance-expanding on U in p in the sense of (4.0.2): see
Section 4.1 for T Lipschitz or the formula defining p in Lemma 4.6.3 in the
general case.
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First we prove that there exist arbitrarily small r > 0 such that B(X,r) :=
{z W :p(@X)<r} U, consists of a finite number of open domains
Uk(r) W, with pairwise disjoint closures in W.

Foranyz,z B(X,r)definez |z if there exists a sequence Xi,...,Xn X
such that z  B(Xy,r),z B(xn,r) and for all k = 1,...,n—1, B(Xkr)n
B(Xk+1,r) = , the balls in (W, p). This is an equivalence relation: each equiva-
lence class contains a pointin X, and forx  VynX,x V,.nX fortwodi erent
equivalence classes V., V., we have p(x,x ) = r. So by compactness of X there is
at most a finite number of the equivalence classes. Denote their number by N (r).
Clearly, for every r < r for every V, there exists V, such that V, V, and
every V. contains some V.. Hence the function r - N(r) is monotone decreas-
ing. Letry >ry>..>r,>.. 0 be the sequence of consecutive points of its
discontinuity. Take any r > 0 not belonging to this sequence. Let rj <r <rj_;.
Denote € = (rj—; —r)/2. Consider two di erent sets V. and V.. Suppose there is

Zo V¢ nV,.Then there are pointsz V,andz V, suchthatp(z,z) <e.
Thenz (¢ z.So both V. and V, are contained in the same equivalence class
of rie. S0 N(r) > N(r + €), which contradicts the definition of «.

Observe that sup, diam Uy (r) — 0 as r — 0 since X is a Cantor set. Indeed,
for every 6 > 0 there is a covering of X by pairwise disjoint closed sets A
of diameter < 3. Then for r < infj_; dist(A;, Aj )/2 each two distinct A;j, Aj
belong to di erent  equivalence classes.

Thus we can assume, for U, = Ui (r), that diam Ui < €. So we can consider
the branches of g = T, ! on Uy’s for all x  X: see Lemma 4.1.2. Then each
g maps Uy into some Uy because it is a contraction (by the factor A=1). Then
denote g by gk k. Finally define

(o)

i = Oki.k2 © Oka,ks © -+ © Okpe1 ks (Ukn)’ (4.5.9)
Nn=0Kk,,..., K,

the union over all ky, ..., kn such that gi; k., existforall j = 1,...,n—1. It follows
that for r small enough the family of sets {Ux(r) n )Z} is a Markov partition of
X with pairwise disjoint ‘cylinders’, and (X, T) is topologically conjugate to a
topological Markov chain: see Example 1.3. Hence T is open on X (see more
details below). &

Each Markov partition gives rise to a coding (symbolic representation) of
T : X - X as follows (an example was provided in Proposition 4.5.6 above).

Theorem 4.5.7. Let T : X - X be an open, distance-expanding map. Let
{R1,...,Rq} be a Markov partition. Let A = (a; j) be a d>d matrix with a; j =0
or 1 according to whether the intersection T (Int Rj)nInt R; is empty or not. Then
consider the corresponding one-sided topological Markov chain > with the left
shift map 6 : Za - Za: see Example 1.3. Define the map m: >a —» X by
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oo

((ip, i1,...)) = T "(Ri,)-
n=0
Then 1 is a well-defined Holder continuous mapping onto X, and T et =T 0.
Moreover, Tlg—1(x\ = T-=( ,aR,) IS injective.

Proof. For an arbitrary sequence (ip,i1,...) 2Za, ajj = 1 implies T(R;,)
Ri,.,. Since diamR;, < 2n, T is injective on R; : hence there exists an inverse
branch TRTi,l on R; ., The subscript R;, indicates that we take the branch leading

to R;,: compare notation from Section 4.1. Thus TR:I (Ri,..) Ri,.Hence

—14-1 —1 —14-1 —1
TroTry - Tre (Ri)  TriTrl - Tr!  (Ri,).
S0 =T "(Ri,) = , as the intersection of a descending family of compact
sets. We have used here that

TRy TR Ri)=Tg .. Tr, (T7'(Ri,)nRi,_,)
=Tr, T T °Ri)NT 'R,y nRi, )

n
=  TXRi),
k=0

following from Tgi (A)=T'(A)nR;, forevery A Rj.,,, k=0,...,n—1.

Our infinite intersection consists of only one point, since diam(R;) are all less
than an expansivness constant.

Let us prove now that 1 is Holder continuous. Indeed, p ((in), (iy)) < )\1_'\'
implies i, = i, for all n = 0,...,N — 1, where the metric p comes from
Example 1.3, with the factor A = A(p ) > 1. Then, for x = 1((in)), ¥ = n((i,))
andeveryn:0=<n<N we have T"(X), T"(y) Ri,: hence p(T"(X),T"(y)) =
diamR;, <&, and hence p(x,y) < A~ (N=Ug. Therefore 1 is Hdlder continuous,
with exponent min{1, log A/ log A(p )}-

Let us deal now with the injectivity. If x = 11((in)) and T"(x) IntR;  for
aln=0,1,..., then T"(x) / R; for all j = in. So, if X n T "(R;i), then all
i, =in.

Finally, m maps Za onto X. Indeed, by definition, m(Za) contains X\ 2,
T7"( ;0R;) which is dense in X. Since m(Z) is compact, it is therefore equal
to X. &

Remark. One should not think that m is always injective on the whole Za.
Consider for example the mapping of the unit interval T(x) = 2x(mod 1):
compare Example 1.5. Then the dyadic expansion of x is not unique for
X o T_”({%}). Dyadic expansion is the inverse, m™*, of the coding obtained
from the Markov partition [0, 1] = {[0, ], [%, 1]}

Recall finally that 0 : o — XA is an open, distance-expanding map. The
partition into the cylinders C; := {(in) : ip = i} for i = 1,...,d, is a Markov
partition into closed-open sets. The corresponding coding Tt is just the identity.
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Another fact concerning a similarity between (Za,0) and (X,T) is the
following theorem.

Theorem 4.5.8. For every Holder continuous function ¢ : X — R the function
@-Tt is Holder continuous on Z A and the pressures coincide, P(T, @) = P(g, ¢°).

Proof. The function ¢ - 1 is Holder continuous as a composition of Holder con-
tinuous functions. Consider next an arbitrary point x X\ ,;”:0 T7"( ;0Rj).
Then, using Proposition 4.4.3 for T and o, we obtain

P(T.0) = Px(T,9) = Pr-1(x)(0,¢ > 1) = P(0,0 ° ).
The middle equality follows directly from the definitions. &

Finally we shall prove that 1 is injective in the measure-theoretic sense.

Theorem 4.5.9. For every ergodic Borel probability measure p on X4, invari-
ant under the left-shift map o, positive on open sets, the mapping 1 yields an
isomorphism between the probability spaces (Za, Fs,, 1) and (X, Fx,pen™ 1),
for F respective (completed) Borel o-algebras, conjugating the shift map ¢ to the
transformation T : X - X (i.e.me 0 =T o).

Proof. The set 0 = ?Zla(Ri), and hence m~!(d), have non-empty open
complements in Sa. Since T(@) 0, we have o(m™'(@))  m (d): hence
1)) o Hn'(d)). Since u is o-invariant, we conclude by ergodicity of
U that p(m—1(9)) is equal either to 0 or to 1. But the complement of m~1(9),
as a non-empty open set, has positive measure p. Hence p(n—1(8)) = 0. Hence
H(E) =0 for E ;== [, 0 "(n"1(d)), and by Theorem 4.5.7 T is injective on
> \E. This proves that m is the required isomorphism. &

4.6 EXxpansive maps are expanding
In some metric

Theorem 4.1.1 says that distance-expanding maps are expansive. In this section
we prove the following much more di cult result, which can be considered as a
sort of converse statement, and which provides an additional strong justification
for exploring expanding maps.

Theorem 4.6.1. If a continuous map T : X - X of a compact metric space
X is (positively) expansive, then there exists a metric on X, compatible with
the topology, such that the mapping T is distance-expanding with respect to this
metric.

The proof of Theorem 4.6.1 given here relies heavily on the topological result
of Frink (see [Frink 1937], comp. [Kelley, 1955, p. 185]), which we state below
without proof.
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Lemma 4.6.2 (The Metrization Lemma of Frink). Let {Un}n>,} be a sequence
of open neighborhoods of the diagonal A X x X such that Uy = X x X,

Un = A, (4.6.1)

and for every n =1
Un ° Un ° Un Un—l. (4.6.2)

Then there exists a metric p, compatible with the topology on X, such that for
everyn=1,
Un  {(xy):p(x,y) <27"}  Un-—i. (4.6.3)

We shall also need the following, almost obvious, result.

Lemma 4.6.3. If T : X - X is a continuous map of a compact metric space
X, and T" is distance-expanding for some n = 1, then T is distance-expanding
for n = 2 with respect to some metric compatible with the topology on X.

Proof. Let p be a compatible metric with respect to which T" is distance-
expanding, and let A > 1 and n > 0 be constants such that

P(T(X), T (Y)) = Ap(X,Y)

whenever p(Xx,y) < 2n. Put & = A= and define the new metric p by setting

1 1 _ _
P (x.Y) =p(6y) + £p(TC), T + ...+ gy P(T" L), TNV
Then p is a metric on X compatible with the topology and p (T (x), T (y)) =
&p (X, y) whenever p (X,y) < 2n. &

Now we can pass to the proof of Theorem 4.6.1.

Proof of Theorem 4.6.1. Let d be a metric on X compatible with the topology,
and let 36 > 0 be an expansive constant associated to T which does not exceed
the constant n claimed in Proposition 3.5.9. Forany n=1and y > 0 let

Valy) ={(x,y) (X xX):d(TI(x), TI(y))<y foreveryj=0,...,n}

Then in view of Proposition 3.5.9 there exists M = 1 such that

Vm(30)  {(x,y):d(x,y) <6} (4.6.4)

Define Ug = X x X and U, = Vmn(0) for every n = 1. We shall check that the
sequence {Un}n, satisfies the assumptions of Lemma 4.6.2. Indeed, (4.6.1) fol-
lows immediately from expansiveness of T. Now we shall prove condition (4.6.2).
We shall proceed by induction. For n = 1 nothing has to be proved. Suppose
that (4.6.2) holds for some n = 1. Let (x,u), (u,v), (v,y¥) Upy1. Then by the
triangle inequality

d(Ti(y), T4(x)) <308  foreveryj=0,...,(n+1)M.
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Therefore, using (4.6.4), we conclude that
d(Ti(y), TI(x)) <6  foreveryj=0,...,Mn.

Equivalently (X,y) Vmn(8) = U, which completes the proof of (4.6.2).

So, we have shown that the assumptions of Lemma 4.6.2 are satisfied, and
therefore we obtain a compatible metric p on X satisfying (4.6.3). In view of
Lemma 4.6.3 it su ces to show that T3M is expanding with respect to the met-
ric p. So suppose that 0 < p(x,y) < %6 Then by (4.6.1) there exists an n =0
such that

(%,y) Un\Unyi. (4.6.5)

As0 < p(x,y) < %, this and (4.6.3) imply that n = 3. It follows from (4.6.5) and
the definitions of U, and V\n(0) that there exists Mn < j < (n+1)M such that
d(TI(y), TI(x)) = 6. Since 3 < n we conclude that d(T'(T3M(x)), TI(T3M(y))) =
8 for some 0 < i < (n— 2)M, and therefore (T3M(x), T*M(y)) / Un—o.

Consequently, by (4.6.3) and (4.6.5) we obtain that
pT*M 0, THM(y) =27 =227 > 2p(x,y).

The proof is complete. &

Exercises

4.1. Prove the following Shadowing Theorem generalizing Corollary 4.2.4 (Shad-
owing lemma) and Corollary 4.2.5 (Closing lemma):

Let T : X - X be an open map, expanding at a compact set Y  X. Then
for every B > 0 there exists a > 0 such that for every map ' : Z - Z for a
set Z and amap © : Z - B(Y,q) satisfying p(T®(z), Pl (z)) < a for every
z Z,thereexistsamap W :Z - X satisfying T® = &I (hence T(Y ) Y for
Y = W(2)) and such that for every z Z, p(W(z),?(z)) <. If Z is a metric
space and I, ® are continuous, then W is continuous. If T(Y) Y and the map
Tly :Y - Y beopen, thenY Y.

(Hint: See Section 6.1.)

4.2. Prove the following Structural Stability Theorem.

Let T : X - X be an open map with a compact set Y X such that
T(Y) Y. Then for every A > 1 and B > 0 there exists a > 0 such that if
S : X - X is distance-expanding at Y with the expansion factor A and for all
y Y p(S(y), T(y)) < a then there exists a continuous mapping h: Y - X such
that Sh|ly = hT|y; in particular, S(¥ ) Y forY =h(Y), and p(h(z),2) < B.

Hint: Apply the previous exercise for Z =Y, =T|y,® =id, T = S and
Y =Y. Compare also Section 6.1.

4.3. Prove that if T : X - X is an open, distance-expanding map and X is
compact connected, then T : X - X is topologically exact.

4.4. Prove that for T : X - X a continuous map on a compact metric space X
the topological entropy is attained on the set of non-wandering points: that is,
htop(T) = htop(Tlﬂ(T)'
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Hint: Use the Variational Principle (Theorem 3.4.1).

4.5. Prove Lemma 4.3.9 and hence Theorem 4.3.8 (Spectral Decomposition)
without the assumption of periodic shadowing, assuming that T is a branched
covering of the Riemann sphere.

4.6. Prove the existence of stable and unstable manifolds for hyperbolic sets and
Smale’s Spectral Decomposition Theorem for Axiom A di eomorphisms.

An invariant set A for a di eomorphism T : X - X of a compact manifold
X, is called hyperbolic if there exist constants A > 1 and C > 0 such that
the tangent bundle on XA, TpoX decomposes into DT -invariant sub-bundles
TAX =THX T3FX such that |[DT"(v)[|=CA" forallv TjX and n=0 and
[IDT (V)] =CA"forallv T3;X and n<0.

Prove that for every x A the sets WY(X) ={y X :p(T"(X), T"(y)) -
0as n - —oo}, and W3(X) ={y X :p(T"(X),T"(y)) -~ 0 as n - oo} are
immersed manifolds. (They are called unstable and stable manifolds.)

Assume next that a di eomorphism T : X - X satisfies Smale’s Axiom A
condition: that is, the set of non-wandering points Q is hyperbolic and Q = Per.

Then the relation between periodic points is as follows. x vy if there are
pointsz WUY(X) nWS(y)and z  WY(y) n WS(x) where W!(x) and W3(y),
and WY(y) and W=3(x) respectively, intersect transversally: that is, the tangent
spaces to these manifolds at z and z span the whole spaces tangent to X.

Prove that this relation yields spectral decomposition, as in Theorem 4.3.8,
with the topological transitivity assertion rather than topological exactness, of
course (Figure 4.2).

As one of the steps prove a lemma corresponding to Lemma 4.3.9 about
approximation of transversal heteroclinic cycle points by periodic ones. That is,

W2(2)

Figure 4.2 Transitivity for di eomorphisms.
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assume that xi, Xs, ..., Xn are hyperbolic periodic points (i.e. their orbits are
hyperbolic sets) for a di eomorphism, and W, has a point p; of transversal
intersection with W2~ for each i =1,...,n. Then p; Per.

(For the theory of hyperbolic sets for di eomorphisms see for example
[Katok & Hasselblatt 1995].)

4.7. Prove directly that 1) = 2) in Proposition 4.4.5, using the specification
property, Theorem 4.3.12.

4.8. Suppose T : X - X is a distance-expanding map on a closed surface. Prove
that there exists a Markov partition for an iterate TN compatible with a cell
complex structure. That is, elements R; of the partitions are topological discs,
the one-dimensional ‘skeleton’ ; OR; is a graph consisting of a finite number of
continuous curves (‘edges’) intersecting one another only at end points, called
‘vertices’. The intersection of each two R; is empty or one vertex or one edge;
each vertex is contained in two or three edges.

(Hint: Start with any cellular partition, with R; being nice topological discs
and correct it by adding or subtracting components of T™N(R;), T 2N(R)), etc.
See [Farrell & Jones 1979] for details.)

4.9. Prove that if T is an expanding map of the two-dimensional torus R2/Z2, a
factor map of a linear map of R? given by an integer matrix with two irrational
eigenvalues of di erent moduli (for example °'! but not 29 ), then oR;
cannot be di erentiable.

(Hint: Smooth curves T "(0R;) become more and more dense in R2/Z%2 asn -
oo, stretching in the direction of the eigenspace corresponding to the eigenvalue
with a larger modulus. So they cannot omit IntR;.

The same argument, looking backwards, says that the components of
T~ "(IntR;) are dense and very distorted, since the eigenvalues have di erent
moduli. The curve dR; must manoeuvre between them, so it is ‘fractal’. See
[Przytycki & Urbanski 1989] for more details.)

Bibliographical notes

The Shadowing Lemma in the hyperbolic setting has appeared in [Anosov
1970], [Bowen 1979] and [Kushnirenko 1972]. See [Katok & Hasselblatt 1995]
for the variant as in Exercise 4.1. In the context of C!-di erentiable (dis-
tance) expanding maps on smooth compact manifolds, the shadowing property
was proved in [Shub 1969], where structural stability was also extablished.
D. Sullivan introduced in [Sullivan 1982] the notion of a telescope for the sequence
T;l(B(xiH, B)) B(x,B) to capture a shadowing orbit, and hence to prove
the stability of expanding repellers: compare Section 6.1 in the context of hyper-
bolic rational functions. This stability was also proved in [Przytycki 1977]. Later
a comprehensive monograph on shadowing by S. Yu. Pilyugin [Pilyugin 1999]
appeared.

The existence of spectral decomposition in the sense of Theorem 4.3.8 (see
Exercise 4.6) was first proved by S. Smale [Smale 1967] for di eomorphisms,
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called by him Axiom A, defined by the property that the set of non-wandering
points Q is hyperbolic and Q = Per: see also [Katok & Hasselblatt 1995]
and further historical information therein. In a topological setting an anal-
ogous theory was founded by [Bowen 1970], for (introduced by him) Axiom
A homeomorphisms. Axiom A endomorphisms were studied in [Przytycki
1977], comprising the di eomorphisms and expanding (smooth) cases. For open,
distance-expanding maps Q = Per (Proposition 4.3.6) corresponds to the anal-
ogous fact for Anosov di eomorphisms. It is not known whether Q = X for all
Anosov di eomorphisms. It is not true for some distance-expanding endomor-
phisms (Remark 4.3.7), but it is true for T smooth and X a connected smooth
manifold (Exercise 4.3): see [Shub 1969].

The construction of the Markov partition in Section 4.5 is similar to the con-
struction for basic sets of Axiom A di eomorphisms in [Bowen 1975]. The case
of X not locally maximal for T has been studied recently in the case of di eo-
morphisms [Crovisier 2002], [Fisher 2006]. The non-invertible case is considered
here for the first time, to our knowledge.

For a general theory of cellular Markov partitions, including Exercise 4.8,
see [Farrell & Jones 1993]. The fact that the Hausdor dimension of the
boundaries of two-dimensional cells is greater than 1, and in particular their
non-di erentiability, Exercise 4.9, follows from [Przytycki & Urbafnski 1989].
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